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MY BACKGROUND

A Research faculty at the University of Notre Dame

A Nuclear astrophysics
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A Energy and safeguards >
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THE UNIVERSITY ONOTRE DAME NUCLEAR SCIENCE

LABORATORY

AoMi dscal ed6 nucl ear phy:

A Low energy nuclear reactions
A Nuclear astrophysics
A Nuclear Structure

A Energy and Safeguards

A Particle accelerators
A 5MV single ended machine
A 10MV Tandem
A 3MV Tandem




WE DO LOTS OF MEASUREMENTS!
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PEOPLE

A Around 30 graduate students

A 19 faculty
A 10 tenure track faculty
A 7 research faculty

A 2 theory




LECTURE OUTLINE

A Lecture 1: Nuclear Models and Introduction terRatrix theory

A Lecture 1I: PhenomenologicalrRatrix and uncertainty quantification




LECTURE 1: NUCLEAR MODELS
AND R-MATRIX THEORY



Direct reaction

AVery fast--- time scale of 182s
ANo intermediate state

REACTION

MECHANISMS Compound Nucleus

ASignificantly slowet- 1025 to
1019%s

Alntermediate state that has time
to thermally equilibrate




THE
COMPOUND
NUCLEUS

A nuclear system that has
intrinsic properties that

Level energies, decay widths

Dominates at low energies
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DIRECT
REACTION

No intermediate state

Dominates at high energy
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THE EVOLVING RESONANCE REGION

Features of nuclear spectra probed by nuclear reactions

cross section

particle emission
/—\ threshold S,

N\

‘ i continuum l
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I overlapping of states and
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| resonances
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Shamelessly stolen from a lecture by Gregory Potel



cross section

DIFFERENT THEORIES FOR DIFFERENT
ENERGY RANGES

continuum

bound

X
-~ -~ -

K=makrix

direct
reactions
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Shamelessly stolen from a lecture by Gregory Potel



Cross Section (barns)

NEAR THRESHOLD STATES ARE PARTICULARLY IMPORTANT

FOR NUCLEAR ASTROPHYSICS
(.6
Nalov)=3.7313 x 1014121, %/3 / oEexp(—11.605E/Ty) dE,
107 F— SR A ——110’
_ 107°E T=0.5GK T=1GK 4o’
At the temperatures of stellar burning, the rates 107 110"
are often dominated by a few resonances Z 0_63 10>
= _ / \ B
= 107F/ 5 1107
0= 2105 s ! 110
1 = 3] Ot ! ] -5
10 — 10 F ﬁ /I 3110
-2 = -10E/ L \ . 14 L ; -6
10 S10 P — 710
10> = 105;_T:5GKI % T=10GK 1107
10" ¢ Drotttotal (1995 £ 10* 3 110°
10—6 —’— IS{XaPSl;ElIdR%TIEISgZi)ulaﬁon 3 103_ ‘: \\ EE 105
10 —— AZURE2, R-matrix calculation 5! 2F \ E 4
10" 7 10 \ 110,
10° 2Ne (oc,n)stg 100 — \ — 10“2
e 10 F L 110
10-10 10 L | 1 L PR TR SO SR S A MR L
et =1 10 10 10 10’

Center of Mass Energy (MeV)

Center of Mass Energy (MeV)



Nuclear reaction theorist’s roadmap

No resonances

oveTLaP?

level dehsifzj
high?

Yes

S =

No
}
Hauwser—Feshbach
(DWRA,CC,...) DWBA: Diskorbted Wave
_ - Born Approximakion
TALYS, YAHFC, ERESCO *AK'U’?-E CC: Coupled Channels
EMPIRE M ———

Shamelessly stolen from a lecture by Gregory Potel




THE COMPOUND NUCLEUS HAS
INTRINSIC PROPERTIES

E_(MeV) 7"
13.86 4
13.67 1
13.27 1313 3.3
12.97 13.09 12,
12951280 02
. 12.45 iy
15 1217 :
N+p ko BPRRN ES R R — 15N+p
11.60 12 .
15l — = p-—- Cta
1139 3
10.36 N
9.59 1
7.16 ] 12
12(_‘+a———g.-5%— ————————— HE——-"C+a
: 2
6.13 3.
6.03 0
I I
I I
I I
000 m—m—m—————a 0

A Each level has a sgparity (8), energy
(E) and a set of partial decay widths

(@)

Al't doesndt matter
to create the compound nucleus; thes
properties are always the same

A That means that we can use many
different types of reactions to learn
about the properties of a compound
system

A It also means that any mathematical
model must be self consistent when
describing the cross section of the
different reactions



COMPOUND NUCLEUS

CONNECTION BETWEEN THE ENERGIES O
REACTIONS AND THE LEVELS OF THE
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Cross Section (barns)

ASTROPHYSICAL-FACTOR
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SEPARATION ENERGIES

A How much energy it takes to pull a nucleus apart into smaller
pieces

A lts just the difference in mass between the two individual
particles and the compound nucleus

A Examplet2C + a separation energy itfO,
A M(t0) = 15.994914619257(319) amu
A M(12C) = 12 amu
A M(“He) = 4.002603254130(158) amu
A 1 amu = 931.502 MeV/c?

A [ M2C) + M(*He)] - M(160) = 7.16198 MeV



ITS HARD TO MODEL THE NUCLEAR

POTENTIAL
Atomic interactions Nuclear interactions
(long range) (short range)
A Manybody interactions are very hard to model ot — nucleus

proton
A Essentially, if you have more than two interacting particles at

the same time, the theory becomes extremely difficult

A Modeling the nucleus is exactly this problem

simultaneously

A Each nucleon in the nucleus interacts with the others (

neutron

A This is much different from, say, atomic physics, where the
electrons are far from the nuclear core and their
interactions can be treated independently (perturbatively)

K shell =i
(2 electrons) iR o
© 2012 Encyclopzedia Britannica, Inc.



A Models that try to model nuclear interactions from
as basic of a level as possible

A Quantum chromodynamics (QCD) (quarks and gluons)
-- not yet

A Nucleonnucleon interactions, with the masiyody
A B | N | T | O problem solved numerically up to some controlled

MODELS approximation

A Its always improving and that is part of the definition of
it.

A Examples for light mass reactions: Fadedaubovsky,
hypersphericaharmonics, necore shell model and
guantum Monte Carlo |l ead to oe
manybody Schodinger equation




EXAMPLEd(t,n)3He

2x10’

o —

Hupinet al, Nature Communications
(2019) https://doi.org/10.1038/s41467
018080526

Ab initio no-core shell model with " e Experimental data

—— NCSMC—pheno

continuum to solve the five nucleon PO woswo
problem and chiral effective field theory to 510° 10! 20 500 107 20
make approximations that streamline the Ecm. (keV)

computations

5x10°

S—factor (b x MeV)

A small phenomenological correction still
had to be applied to the resonance energy




WHY PHENOMENOLOGICAL MODELS?

A We want to use nuclear cross sections as inputs for other applications

A Nuclear astrophysics- modeling energy production and nucleosynthesis in stellar
environments

A Applied physics-- modeling nuclear reactors, nuclear fuel storage and nuclear
weapons

A We need a model that is flexible enough that it can boghny accurately
describe data but have enoughysical constraint so that it can be used for
extrapolation to unmeasured regions

match fundamental

. @ ® .
experimental ﬁ - R\ physics
data constraint




EXAMPLE PHENOMENOLOGICAL MODELS
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Wigner functions range parameters (EREpme of

Alf an absorption term A $Hackgeound 'germf Reeddod@ s n 6 t these ERPs, can be related to
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GOAL: SOLVE THE NUCLEAR
SCATTERING PROBLEM

detector

recoil V\u.cl.eu.s

""
_— -\'-P

e\.

debtected

nucleus

solid angle

dq2

Shamelessly stolen from a talk by Gregory Potel

deflection

surface
ang le



OSTANDARD SCATTERI NG THEO

Cross section and Schrodinger equation in 3D

the partial wave components ¢(r) of the 3D wavefunction ¢(r) satisfy a 1D Schroédinger equation:

-2
(—;—#Vg + V(r) — E) o(r) = 0; O () = Z de(r) Y. (7), A R-matrix, DWBA,
4 whatever, this is the
(_ n? d2 N R0+ 1) problem we are trying to
2p dr? 2pr? scattering amplitude . solve
deflection angle A The difference is how we

+V(r) — E) oe(r) =0

if V(r) has a short range (such as the nuclear interaction), it can be shown that: handle V(1)
solution for Wr]‘i[/\. ptkr
B(r) =o(x) + —f(O) (7 = x) - ~
fﬁ | equivalent goal: obtain either
do(8) FOP cross section e oo 1. phase shifts, or
a0 Legendre polynomia 2. scattering amplitude
! ,. ‘ to get cross section
f0)=—=> (204 1)(*$ —1)Py(cosb)
2k ZE: L phase shift \ /

Shamelessly stolen from a talk by Gregory Potel



THE GENERAL ABSTRACT SOLUTION

Review of the integral equation solution N
.. L |
Start with the time-independent Schrodinger equation Ev = _%V v+ Vo
we rewrite it using the substitutions Q— (V2 n k2) Wb
vV2mE 2m
k = : =5 V¢ - , , .
h h 0°(F) = (V2 + k%) G(F)

this can be solved for an abitrary driving function
(Q x V1)) by solving for the Green's function, G(r), ;
which is the solution for a delta function source then U(F) = fG(?— 1) Q(ro) d° 1y

the solution to the actual source, @, becomes

the Green's function solution can be expressed as a 1 o
Fourier transfom G(r) /E‘Js "g(

the solution is obtained by using Cauchy’s formula and contour integration

1 L 1 e.'kr
G(7) = is-r d3—': o
(7) (2m)3 /e (k? — s2) ’ 4rr

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The Born approximation




THE GENERAL ABSTRACT SOLUTION

General solution \ i

The solution just obtained is not unique as it is possible to prove that the general solution is
G'(r) = G(7) + Go(r), where Go(F) is any solution to the homogeneous Helmholtz equation

(V2 + K)Go(7) = 0

the general solution to the Schrodinger equation is thus A No matter the assumptions, we
kP can start with a general solution
(BN oh (7 m e N g based on Greends
W(F) = Uo(F) — —V(R)(r) dr
(7) o(7) 2rh? | |F — Rl 0)¢ (1) dro method

with 1o(7) being the solution of the free particle Schrodinger equation

(V2 + k2) 4o(F) = 0

note that the wave function appears on both sides of this equation, requiring prior knowledge
of the wave function to obtain an exact solution!

however, it is possible to use the integral equation for an approximation method called the
Born approximation

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory 1l The Born approximation



DIFFERENT ASSUMPTIONS FOR
DIFFERENT PROBLEMS

A Compound nucleus,fatrix

A There are a complete set afrthonormal internal wave functions , which can be associated with
intermediate states in the compound nucleus

A Incoming plane waves, outgoing spherical waves

A Limited by truncation of infinite expansions: momentum, levels, channels

A Direct reactions, Distorted wave born approximation
A The scattering is weak, incoming plane waveoissignificantly altered by the potential

A Incoming plane waves, outgoing plane waves



PHENOMENOLOGICAL RMATRIX

REVIEWS OF
Al ncludes o0fundament al MODERN PHYSICS
Information Vorume 30, Numser 2, Part I ApriL, 1958

R-Matrix Theory of Nuclear Reactions

A, M. Lang, dlomic Energy Research Establishment, Horwell, Berkshire, England

Descouvemonand Baye (2010) AxD

R. G. Tuomas,* Los Alamos Scientific Laboratory, Los Alamos, New Mexico

deBoeret al (2017), Rmatrix theory section by Carl Brune R'matriX blble



What is R -matrix used for?

Al t Omsiclear reaction theory framework , primarily suited for resonance
dominated cross sections

1 That usually means, low energy nuclear reactions, but can extend high up in mass

A Parameterize and evaluate nuclear data to determine cross sections

10+3 ERERE
30 -
i r 235
- 3H(d,n)*He e - =>2U(n,f)
— 25} & o Jarg4 o
2 ¥ o Brog7 || 10
= ook 5 \ o Kobes || 2 |
= | . " v Am53 || S _ 5
= 15} 308 - s Con52|| = y
_8 SR 2 o0 %g % 10
© 10[ ?
T S _
n 5_— © +0
: ‘ 10+ nToF(16) e 0L 7]
ot . e 'ENDF/B-VIII.O —— |
0.01 0.1 "ENDF/B-VII.L1 ——— |H
Energy (MeV) 10— L. — .
10*0 10+

Incident neutron energy (eV)

de Souzaet al. (2024
uz (2024) Brown et al. (2018), ENDF/B VIII.0




Elevel
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NUCLEAR DATA END USES

Nuclear
Medicine

UTSouthwestern
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A bit of history

AVery early nuclear theory was constructed in an  ad hoc fashion with
the assumption that the reactions proceeded by the compound
nucleus mechanism first described by Bohr and Bethe around 1937

1 The only theory at that time that seemed relevant was Weisskopf and
Wi gner 0s farhatomic systeino r

1 In 1938 Kapur and Peierls developed a rigorous nuclear theory
(perturbation theory) that did not depend on an assumed underlying
reaction mechanism

1 It can be easily associated with the compound nucleus  theory if states
that are far away in energy are ignored

Al n t he 1940 0 Eisembudytnea rewoakeddKapur and Peierls
theory to make the energy dependence of different quantities more
explicit, and this became R -matrix theory.

Al n 1958 Lane and Tho masmatxtloebrgbyt he o
pulling together all of this previous work. This is largely what is still
used today. Peierls




CLASSIC BOUNDARY VALUE
PROBLEM

Outside: two particle clusters
The nucleus that do not interact except
through theCoulomb

force

Atr.>a,
V =V

oulomb

Atr.<a,




CHANNELS




TIME REVERSAL SYMMETRY

asl=c



UNITARITY: CONSERVATION OF PROBABILITY
TWO BODY REACTIONS ONLY

No Imaginary
potential terms




E.=E,, the energy of relative motion of the particles

LOTS OF of the pair c;

DEFINITIONS MaMes
M=M,= , the reduced mass;
Mai+Ma
M | Eo|\}
ko= ku=( ) , the wave number;
ﬁﬂ
V. =10.="Nks/ M ,, the relative velocity;
ZIQZEG:EE -
Ne=1Ngl= , the Coulomb field parameter;

v,
oc=0q=argl (141+1n), the Coulomb phase shift;

 Pe=pa=Rala




VECTOR (SPINORBIT) COUPLING

J=L+S

This kind of combination 1s visualized in terms of a vector model of angular momentum.

j = total angular
' momentum quantum

=32 i=1/2
number = 3/2,1/2,-1/2,-3/2 ;= 1/2,-1/2

hyperPhysics.pmastr.gsu.edu




TERMINOLOGY

A Partition @) --- group of two particles that the system can be decomposed into¥€xta). Outside ofR
matrix theory, a partition is often called a channel, which can lead to some confusion.

A Channel (c =asl) --- a partition with a specific channel spin and angular momentum
A Channel spin (s}- s = s+s,
A Relative orbital angular momentum ) the relative angular momentum of a channel

A Channel radius (a--- phenomenological parameter, somewhat arbitrary division of the internal and external
space, doedlOT correspond to a real nuclear radius

A reduced width amplitudeg() --- phenomenological parameter related to the width of a legglié the
reduced width)

A resonance pole energy JE-- parameter associated with the energy of a level (does not necessarily
correspond to the observed energy of a level in the formal theory)

A Boundary conditionB,) --- phenomenological parameter, can be eliminated using the alternative Brune
parameterization



OUTLINE OF THE RMATRIX METHOD

A The problem assumes
A Point like particles, 3D
A Two particles in, two particles out (unitarity)
A Angular momentum and parity conservation
A Longrange Coulomb interaction
A Timereversal invariance

A No potential specified!

Incoming plane wave Outgoing spherical wave

Wave functions of relative motion

Hx= 5?(,

The wave function of relative motion has the form
X~ Mast (o) (01 (D (Q4)), (2.5)

We need to derive the radial wave functiogu

Solve the radial Scdinger equation

[ & l+1) 2M,

dr .2 ¥ 2 i

( Vﬂ:sl— Eu) :l'uusi [:fa) =0.

Atr.> a.

V{gg£2 ZE]Zﬂﬂgz/ra




INCOMING AND OUTGOING PARTIAL WAVE
EXPANSION IN THE EXTERNAL REGION

A The solution to the Scmdinger equation in the The condition J;I-! C:Olf‘llinuﬂy' for the wavefunction
. at the boundaries gives.
external region
Ce "% = Bsin(—kL /2)

De ™% = Bsin(kL | 2)

A At positiveenergies in a Coulomb field

[;F=(G.—1iF.) exp(iw,),

so ((=-D

The condition of continuity for the derivative of the

. . avefunction gives:
Ot= (G~+iF ) exp(—iw e
"= (Getil) exp(—iwo), aCe™ 2 = kBcos(—kL | 2)
where G, and F are the irregular and —oDe "2 = kBeos(kL / 2) ]

regularCoulomb functions

respectively, and Dividing either of these two sets gives:
; —k 5> hyperPhysics.phastr.gsu.edu
Be=Wal= 0ol 0a0= ), tan~1(n,/n) O=—7p5= B° -k’
n=1 tan ?

w, are the nuclear phase shifts.
Remember a square well potential? The solution to the wave
functions in the box are sin and cos, which are just another pa
of special functions



INCOMING AND OUTGOING PARTIAL WAVE
EXPANSION IN THE EXTERNAL REGION

A The solution to the Schidinger equation in the
external region

A At negativeenergies in a Coulomb field

O =W (= ey I+}; 20.)

where W is theWhittaker function
and

A Now we can write down the complete external
(channel) wave functions

. L Itr£+

gan!rm+= (?' Yrm( )) L By
Val o
. Ocr!+

Baﬂlpm+= (1517”{1]') e

Vo 7 o

The condition of continuity for the wavefunction
at the boundaries gives:

Ce "% = Bsin(—kL /2 == 0 £
¢ _n in( ) so C=-D . <
De ""*= Bsin(kL / 2) Bsinke | Yo
aex
The condition of continuity for the derivative of the Ce
wavefunction gives: ' De ™™
aCe ™% = kBcos(—kL 1 2)
- Lowest odd
—aDe ™2 = kBcos(kL | 2) —E
Dividing either of these two sets gives:
—k 5> hyperPhysics.phastr.gsu.edu
a=— =%k’
kL
tan —
2

Remember a square well potential? The solution to the wave
functionsoutsidethe boxis an exponential functigmhichis
just another special function



INTERNAL WAVE FUNCTIONS

A We make very few assumptions about the internal wave functions

A They satisfy the wave equation

H‘I’JM:.E;‘I’JM}

A They can be expanded in mutually orthogonal eigenfunctions (level wave functions)

V=2 AriXasu)
N

A We will end up associating thisindex with a level in the compound nucleus

AWe dono Xysanow and will never act u



FUNCTIONS AT THE CHANNEL SURFACE: = A:

external functions
(more definitions)

LcE (pcoc't/‘o.g)fa =g,= Se_l_?:Pe,. ("r'l'-"'l'j

the real and imaginary parts of which are, according to
(2.13b), (2.12), and (2.17), respectively,

Sh|ft S¢+= [pc(F,;ch'I'Gch,)[(F.E‘]‘Gcﬂ)]rc"=ch (é 4 }
i 4a,
function Se= (oW /W o)re=ae;
Pr=[p./(Fl+G2) Jre=as | Coulomb
P Penetrability (4.4b)
¢ =Zero, .
function
In the case of the positive-energy channels, the ratio
Q= (Te/0c)ro=act (4.5)
is a unit-modulus complex number which is expressible
as '
ﬂ,ﬂ Eﬂal =E}Ip5' (WQ“¢;+), (‘4.53—)
where Hard sphere phase shifts

¢’¢+E¢ni+: tan™! (Fuf’(;#) (45]3')




MATCHING WAVE FUNCTIONS AT THE
BOUNDARY SURFACE

By taking the
A We match the wave functions and their derivatives at the boundary surfakeyarithmic derivative
at the channel surface

‘I’JM=§ AMXMM: HXy g = ExrXarm.

Convolution of the surface wave

ae= (B2/2M .a,)} f cpcd,g, function (external) and the internal
wave function, whic

A To solve for ¥Yxe analytically we would have to know the form of the internal
wave functions Xy s ar

A Instead, the ¥ac anig, become parameters that are obtained by fitting to data.
They are just numbers after all (reduced width amplitudes and pole energies).

A There is a ¥xe for each possible decay channel for each level, which can lead to
quite a lot of fit parameters depending on our specific problem

A The “ae are thereduced width amplitudes
A The 7xs® are thereduced widths



ASIDE: REDUCED WIDTH AMPLITUDE

How much do the two particles fusing together look like an internal state?
A Kind of like a s pectroscopic factor Ya= (#*/2M .a.)? f et X a7 mdS,
A Wigner limit: 2 = 342/2ua?

A Normalized reduced width 0: =i Vi, ~ 1




GREENOS THEOREM

Greends theorem, single c¢h:

dity ditq
(’H*E_"""'ﬂl‘_—) +—— Fl_Eng Urthadr =0,
dr dr J ,—a

Boundary condition

(dﬂ}.,fd?') regq— 0.

The Greendods function that rel at es
wave function to its derivative on the surface.

i (7)) (a)
2
2Ma » E,—E

G(ra)=

The R-function
This R-matrix is essentially the

R=G(a,0)=2_) v}/ (Ex—E), resultofthese boundary
conditions



RELATION TO THE COLLION FUNCTION

A general solution ¥; may always be expressed in
the external region as a linear combination of the
linearly independent 9; and ©; waves of (2.19):

T~ 9;— U0, (1.12)

The coefficient U; is thus the amplitude of the unit-flux
outgoing wave ©; which is associated with a unit-flux
incoming wave d;; it is called the collision or scaltering
function.

A Matching the internal and external wave functions at the surface

I; 1—L*R,
U=——-—,
O; 1—LR;

A The collision matrix can also be expressed as a phase shift

U,=exp(2:6;),
where

S = tan [ R, P/ (1— RiS)) J—¢i+w;, Nuclear phase shift




CONNECTION WITH GENERAL REACTION THEORY OR
THE COLLISION MATRIX (U)

Generalized to the multichannel case,
The Rmatrix

Ru“c: ? ’]"}xc"}’hgf{E}.—E).

Connection to the collision matrix
U= 9?01 (1—RILY)-1(1—R/Q) Iy
All these other matrices besides R
can be calculated from special
functions

Transition Matrix (fmatrix)

Ta"&"l’. o8 IJ = ghmﬂqlﬁa’&’l*, aal” Uﬁ’s’l". aslj-




A The mathematics is
similar to that of wave
guides in E&M

Channel Surfaces

S
I'9
1
4
Ts *
S

1‘24He + 3He
e

De Saint Jean et al. (2021)



THERE ARE A LOT OF DIFFERENT
METHODS TO DERIVE THIS

Nuclear Physics 4 (1957) 503—328; (€) North-Holland Publishing Co., Amsterdam A Descouvemonand Baye (2010)

Not to be reproduced by phownrint or microfilm without written permission from the publisher

n? d B
THE BLOCK OPERATOR LBy = —8(r—a)(———

2u ! !

 UNE FORMULATION UNIFIEE DE LA THEORIE A B is the boundary parameter (an arbitrary constant)
DES REACTIONS NUCLEAIRES

CLAUDE BLOCH
Centre d'Ftudes Nucléaives de Saclay, Gif-sur-Yvette (S. & O.) {H! + ﬁ E)Hlnl ﬁ{B)HﬁH

A Inhomogeneous Bloe&chrddinger equation

Recgu le 13 avril 1957

int’ ext’
Abstract: The determination of the scattering matrix in the theory of nuclear reactions is " }Ilt (a } = U, ext (@) u I (f 1) =1 f {H )
essentially equivalent to the construction of the Green function for the Schrédinger equa-
tion in the internal region of the configuration space with proper boundary conditions at . « oo 3 R ~
the nuclear surface. This Green function can be expressed as the inverse of an operator {Hf + L( B ] _ E}GI (r.1 ) — 5“ — 1 ) G r e e n O
mvolving the sum of the Hamiltonian and of a ‘‘boundary value operator’” which is
different from zero only on the nuclear surface where it has a singularity of the same kind a fu n Ctl O n
as a Dirac function. A general operator expression for the scattering matrix is derived.
: . ; . . . . . int — ext g
This expression can be transformed into a matrix expression by introducing an arbitrary i | |: r :I — G 1'::{ B ) H d.’ .
basis of orthonormal functions in the internal region. The Wigner-Eisenbud and the 0 SOIUtlon
Peierls-Kapur formulations are obtained by an appropriate choice of the internal func-
tions. When a large number of resonances contribute to the cross-section, the expansion .
of the scattering matrix in terms of resonances of the compound system is not useful, and SI ngle Chan nel case
a more appropriate starting point can be obtained from a perturbation expansion of the

scattering matrix which is easily derived from the general operator expression. A simple .;2 N }/z;
statistical assumption is proposed in order to determine the c?omi.nant terms _in salf;h an Rf {E ] — G,f {” L ] R‘; ( E B} = __m
expansion, It leads to the optical model for the elastic scattering and to the direct inter- 2 [La E nl — E
actions for the inelastic scattering. n=1



MAIN TAKE-AWAY S

A The cross section is derived in terms of a partial wave expan W(0) = Z ar Py(cos(0))

k
YAV A

20
A The solution is a series of poles [?.s = Z . _FE
| —

A=1

A The square is proportional to observables like the cross sect g ox ‘REC,F

A We have a much more physically constrained fit function tharBifiet-Wigner approximation



TRUNCATION OF MANY THINGS

A Theory has infinite sums ovét, levels (for eact?)] channels, and angular momentum 50

Rcc’ YA I\

A Drastic truncations are often made, how can this approach still work? - 1 E\—FE

_ | =level index
A Levels have Bcal (energy) effect on the cross section

A If resonances have larger widths, data should cover a wider energy range
A Can sometimes get by with just the levels in the energy range covered by your data
A Sometimes need subthreshold states and/or background states

A At low energies, low angular momenta dominate R., — E (
cc

# of real levels
A Penetrability, both orbital and Coulomb (

YA # of BG levels
/\C /\C!

]+

) x|

VoV be! )
b

E,—E
A

ACl osed channels wusually dondt have much of an effect e
A Can cause trouble for data sets that end at a particle threshold

ADondt expect a good fit at the highest energies of your dat a



THE (UNPOLARIZED) DIFFERENTIAL)
CROSS SECTION

kot
(25+1)_d‘7:15. a's"dﬂa*‘: (25"'— 1) ‘ CE’(HG!’) ] Eﬁﬂ'-ﬁ"- s
T

+ X QLD 241)i(slp0| T M)

JiJa MM
hlsl’ls’
pr'mama’

X (s190| JoM3) (81 v'ma | TiM ) ('L v'ms' | T oM 3) Resonance term
X (Tosttyt, ash” Fom 3 (Qar))
X (T otsttat, asts” 2V ma @27 (Qgr)) *
+ 3 (A0 TM) (s 'm' | TM)

JMil
v 4 Interference term

X0arsr Py asrd RE[ﬁ Ta’a*.’r'. ast’ V' L (ﬂﬂ’)cﬂc’ (Eﬂ’)]‘




ADSIDE: Complete transition (T) matrix Talk by Mark Paris (LANL)

WOLFENSTEIN | pum
TRACE
FORMALISM

71 Wolfenstein formalism

| 1
0,)= Tr(p,0,) = Tr(MpMTO ),
A General formalism to p=aa' ﬂﬂda = Ma._.

calculate any observable 1
Using the expansion p. = 0) 0.,
g p P, Tr(ﬂf)2< N

Lincoln Wolfenstein

A Lincoln Wolfenstein

and defining Tr(p,) = 0,(¢) gives tinally 1923-2015
A MSN effect
i lOr' =0,®0,
A Neutrino oscillations in (70(9)<0f> —E< >Tr(MOM O )
matter ‘ 10f =0,®0,
A Polarization observables give A ) A |
us constraints on each M, = . <¢ r\p! > e 2<¢f Qﬁ,ﬁ;";d <Q§f ¢j‘>.
element of the dmatrix, but /37 i i JMIT
they are hard to measure - Los Alamos Paris & Hale (LANL)  |AEA 5-7 December 2016

NATIONAL LABORATORY

experimentally —  ——we
https IIwww-nds.iaea.org/indemeetingcrp/CM-R-matrix-2016/docs/Paris_2016.pdf




WHY THE BOTHER?

A Reduced width amplitudes are real, but can be positive or
negative in sign

10_ E T [ T | T
= E +- ++
R R r}fhcf}/hcf 2 : or / \ or
cr =
Ey—E =S .
v }‘ glo ; d \\\g
2 g L7 :
R., = TAIA! V1N 4 Yo Y2 g f
ccd — _ = — . A 5
Ex—E FE —E E,—E 3w
/“-_—l = C |
@) i ll l|
i |
2 i ¥
T O ‘R{:E"‘ o | | | l||| | | |

10 ' > L . . L
Energy (arb. units)



THE CLASSIC EXAMPLE:
THE DOUBLE SLIT EXPERIMENT

v
\/\/
o

A Classically, the two signals would just add

1
together (incoherently) %i -5
A In the quantum world, (indistinguishable) TSs -3 >
things add together coherently electron o >
gun
P]I >
probability
wall with absorbing densities

two slits wall



ASTROPHYSICAL-FACTOR

-4 T T T T T
107
S(E) = Eo(E)e?™ . 10,1
Z 101 ol
B \/{TZHZQE’,Q S 10_ —
= E hg 8 10'12 -
© 14
10 ol «  Schiirmann et al. (2005)
10
10'18 1 | | | 1 | | | 1
D Highlights the nuclear part of the b)
% 100 Ccross section
Approximately dividing out >
the swave Coulomb =
penetrability (visualization/ £ 10
computational reasons only) &
2 2
10 B | . | . | . | .

Center of Mass Energy (MeV)



INTERFERENCE

A Included in the SHAPE of the cross
section, is the correct modeling of the
interference between resonances, which
is very important for EXTRAPOLATING
the cross section to low energy

10

10

Lad

T IIIIII| T III'IIIII| T TTTIT

l::II

=
i\

I::;II
g™ ]

S factor (MeV b)

[¥%]

l:II

=

- III_I_II_|___L-LHI-HII_ TJL-I"I'I'Illl T TT

=

T | T | T T | T
6.05 MeV. 1" =0"

-

'\

] 2 3 -
Center of Mass Energy (M

hi—

eV)




S-factor (MeV b)

MULTFRESONANCE INTERFERENCE

D —
B — —
- .

i aTe

Bardayaret al (2019)

187 (0,a)150

s = ()
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———————— (--+)
e ()

e (44)
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Penetrability
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BACKGROUND POLES (BGP)

# of real levels

AT # of BG levels -
- be Vb
RCC’ = e e

A b

A Since there is a different-Ratrix for each?, one should consider at least one BGP for each

A Can represent two (or maybe even more distinct physical things)
A A real level at an energy just higher than the data
A The sum of all levels at higher energy

AThe opotential 6 contr i bresbtnanhn t o the cross section (

A In practice you want your data to extend to an energy range where the cross section is weaker
at higher energy



BGPS CONTINUED

A A good situation
A BGP is at 40 MeV

A Contribution is relatively flat as a
function of Sfactor

A Higher energy resonances are
weak

A High energy data constrains the
magnitude of the BGP
contribution well

[—
OI
|

T TTTTTTIT

dS/dQ (MeV b/sr)

- E1 BGP

Snover et al. (1974)
Total S factor

E2 BGP
E2 hard-sphere (EC)

10 F =
F— l B ! Jf :
10_5 E:‘ H“"x.\_\ T l ‘_5
10°F -
10-7_ . | | | | | | L
0.0 5.0 10.0 15.0 20.0

Center of Mass Energy (MeV)



BGPS CONTINUED

-2
10 = T T T T T T | T | T T ]
= i 0 =90° i
<L ; i
A A bad situation ’; 3

o 10 F E
A Broad, strong, resonances are present S = -
at these higher energies = - .
: : O i |
A Could the tails of these broad, higher 5 - veue .
energy resonances contribute to the LFIE | 0-4 B p i s . °
low energy cross section? e - - -
. : = N ! ]
A Fit to the high energy data not = j i
accomplished satisfactorily O ; i

. . U.) !I

A BGPs definitely needed, but not £ 10° |

constrained so well A |

)

|

S R R NN U S R NRR R R
00 10 20 30 40 50 60 70 80 90
Center of Mass Energy (MeV)




Transformations frorlmatrix to observable
parameters

Following Thomas (1951), it is instructive to make a
one level approximation to the level matrix A. This leads
(ignoring the hard-sphere contribution if ¢ = ¢') to

[yl e ]
2 _ Ac” A S (38)

‘.ch*' — o 1 2
(_E‘}.L — E —|— &)\) —|— Z (ZE” ]__"),LCH)

where 1"y, = QPC*}EC is the formal partial width for chan-
nel ¢ and Ay is the energy-dependent level shift:

Ay =— Z ﬁiC[HC(EJ - BC] (39)



Special conditions CaNBAZYVI VOSE

B. = S.(E)). Observable condition

_, dS. e E, Observable energy
e dE( \ I'\. Observable width

f)\cfhc’
N R 2
(Ex—E)2+1 (z mcn)




Careful to note!

2P.AZ
- dS, 5%
1+ Z it_" dE' EA)

f,xf. — observable

[\ = 2P.~% «A.c formal



BRUNE PARAMETERIZATION

PHYSICAL REVIEW C 66, 044611 (2002)

Alternative parametrization of R-matrix theory

C. R. Brune
Edwards Accelerator Laboratory, Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701
(Receved 15 July 2002; published 24 October 2002)

An alternative parametrization of R-matrix theory is presented which is mathematically equivalent to the

standard approach, but possesses features that simplify the fitting of experimental data. In particular, there are
no level shifts and no boundary-condition constants which allow the positions and partial widths of an arbitrary

number of levels to be easily fixed in an analysis. These alternative parameters can be converted to standard
R-matrix parameters by a straightforward matrix diagonalization procedure. In addition, it 1s possible to

express the collision matrix directly in terms of the alternative parameters.

ACan do fits in terms of Oobsgyrvableod energi

Unbound state Bound state

1“_ — 2PCY‘T 2 _2Ju—'c°ac T};?C
ic™ C;.= h202 dsS
) c
I_I_Z ‘}/}(’ ¢ 1+2 yf(’( R
= VildE |



PRIMARYg-RAY TRANSITIONS

A Often implemented using perturbation
theory

A Works in cases where the electromagnetic part
of the interaction is small compared to the
hadronic part

A Alternative approaches include Reich -
Moore and relativistic wave functions

A Can include a direct capture model
A External Capture

PHOTON ENERGY . (MeV)
4].2 46 5].9_' 5i4 . 5.18 . 6i2 66

T T
oiz oly.n)% B
[ g=90
{ i
' 0.0‘9r
L
008
003
. ]
o ol N Lo oL L L L
E 0 04 08 1.2 16 2 24
= NEUTRON ENERGY (MeV)
a PHOTON ENERGY (MeV)
Roisfe 46 50 54 58 62 _ 66
o | . ' . J
9=135 b J
012} - 4
009 i .
006}~
003+
0- h R PR | .
0 04 08 1.2 20 24

1.6
NEUTRON ENERGY (MeVv)

FIG. 5. Final R-matrix analysis of the observations of
the 0(y,n,) %0 reaction. The parameters used in this
analysis, Tables III and IV, also describe the *O¢,n)%0
reaction. The interference minimum at 5.38 MeV is not
as deep as that given by the simple hard-sphere model.

A Eirst used by Holet al (1978)
to fit 1’'O(n,g)1%0 data

A Used by Barker an#ajino
(1991) to fitt’C(a,g)t°O

A Used by Angulo and
Descouvemon{2001) to fit
“N(p.9*+0

A Detailed description in deBoer
et al (2017) by Carl Brune

A Mathematic

Implementation Is rather
cumbersome



WHY R-MATRIX?

Assumption: the data is correct

Maximum flexibility A can most accurately reproduce
experimental data

Maximum flexibility A easiest to mess up / most influenced
by incorrect data

Track record is pretty good

It's been used for a long time, a lot of the details of the
formalism have been derived and are accessible in the
literature

Computer codes are available and accessible




LECTURE 2: PHENOMENOLOGICA

APPLICATION OF RMATRIX




The AZUREZ2 code: andhatrix code for

nuclear astrophysics

AOriginaIIy developed by R.E. Azuma under the Joint
Institute for Nuclear Astrophysics (JINA), published

2010 . . “f\“l.f;\\‘
%

——4

€
J I NA JINA-CEE IReNA

AAZUREZ developed by Eth&fberseder made

publically available in 201@

Aazure.nd.edu




WHAT ARE AZURE20S MAI N C

File | Configure Documentation

: . : : e e s | e | e | e

A Designed originally for charged particle reactioll, —=" ; ; :
and for extrapolations to low energy ENI i : " i : 1700 0 0
5_ Y 1+ 0 18F 2+ 0 2.52335 0 0
A 12C(a,g)®O was the benchmark reaction EA R . : mi .. : o : :
A Radiative capture R 1: : i B o :
E Y 1+ 0 18F 2+ 0 3.06184 0 0
A Simultaneous multiple exit and entrance channfi
fits (AZURE2) o = ; M o : : :
18 Y 1+ 0 8F 1+ 0 4.36015 0 0

A Lots of active development

A Neutron resolution / experimental routines Graphical user interface (Qt)
A Thicktarget yields

A Improved Coulomb functions / error handling

A Secondary gammray angular distributions after
particle emission




WHAT FIT PARAMETERS DOES AZUREPR
USE?

A We use the alternative parameterization of Brune (2002) to replace formabRix parameters (pole energies,
reduced widths) with observable level parameters (Level energies, partial widths, asymptotic normalization coeffic

A This alternative parameterization was a real improvement in accessibility for-thatix technique, because the
formal parameters have no intuitive meaning, so they are more difficult to work with.

A Also, by using observable parameters it means that there are no large databases where parameter values are alre
cataloged that can be used as initial starting values for a fit.

Elevel

T
(keV) XBEF JII i3
0.0 L DE GHIJKLM 1/2- 9.965 m 4

Z ¢ = 100
2Rl SETEED S R We can use the parameters listed in

% p =100 compilations like NNDC directly.
3502 2 L DEFGHIJK 3/2- 62 keV 4

2 IT = 0.0011

% p = 100
3547 4 D FGHI K 5/2+ 47 kev 7

% p = 100

% IT < 4.3E-6



CONSTRAINTS

THE IMPORTANCE OF ADDITIONAL

A The phenomenological-Ratrix theory only has limited (but sometimes powerful)
physical constraints

A Momentum conservation (resonance interference)
A Conservation of probability flux (unitarity)

A Time reversal symmetry

A Since limited nuclear physics constraint is present, we need to be very careful

A Legitimate Rmatrix criticism: you can fit any cross section you want to arbitrary precision if
you use an arbitrarily large number of levels

A It is therefore very important to have either a well -known level structure or a

LOT of constraining data

Alf you donét have either of these things,
then you need to be very careful about your claims (uncertainties)
AoMore careful é usually equals oMany mor e

A The inclusion of additional information from nuclear structure / theory helps a lot, if it
IS available.

EX (MeV) "
13.86 45
13.67 |
13.27 13.13 33
12.97 13.09 12
12.95 1280 02
L 12,45 I
15 2.13
N + p I_ _l ____________
12 11.60
Cro——-Itstpoc==== = 2!
11.49 3
10.36 4t
9.84 2"
9.59 I
0 7.16 _
C+ra—=—7qryp=————= L,
6.92 2
6.13 3.
6.03 0




WHAT KIND OF REACTIONS ARE APPLICABLE
FORR-MATRIX?

A Usually Compound Nucleus 10" | Ne(auy)’ Mg 7
A Two step reactions (a+A C* A b+B) 1010— i | i |' . —
~~ ' !
ANo three body vyet é ilOS_ | :, H | :.: -
A Usually nucleod nucleon reactions O 6l ! | 3] il !
A But can also be extended to capture (afA C* + g = 4l N iL,"._"-\ ? | Iﬂ i f i i ’-".\| }j‘-\ i !l
— AN Fn s N AR
A And even (C* +b A b+B) % 102 N /-“ ‘; "'\-.{i’ t. ‘.f'\'h/'l \‘I'r" \V N
| v . ]
A Usually low energy S 10
_ o) Oph _
A Low angular momentum dominates 10 ~—_ 3 |
. -2 Il b B Y ﬁn-'T"’ el i
A Usually low level density 10 4_12C( 70 i Tl L]
A Practical limitations ) — L —
0705 1 15 2 25 3

A Useful when broad resonances are present in the cross section



RADIATIVE CAPTURE

A We very often need to analyze radiative capture data

A Because this is an E&M interaction, it is not a viable
channel for standard-/atrix

A Lane and Thomas give a perturbative approach for
resonance (internal) radiative capture

A Unlike particle interactions, direct mechanism is
very significant for many radiative capture reactions
even at low energies (external radiative capture)

A Holt et al (1978), Barker an&ajino(1991), Angulo and
Descouvemon{2001)

A Asymptotic Normalization Coefficient (ANC) gives the
magnitude of the direct capture

A See the many works by Akram Mukhamedzhanov

co_ (2mga.)'/? Vic
A ﬁwﬁ.(ﬂﬁ.) [1 -1 ZL—-']"EL-.'(dS{"/{IIE}(E}.}]UE H

Yield Ratio

S factor (MeV b)

Runkle et al. (2005) . Lictal. (2016)

x Schrider et al. (1987) ‘ B Imbriani et al. (2005) Wagner et al. (2017)
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Acharyaet al (2025), Solar Fusion Il



A Coulomb

penetrability
energy
dependance

RADIATIVE DIRECT OR COMPOUND
CAPTURE?

6I
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The ANC connection

Subthreshold o R-matrix Contributions to the
Scattering: this work

Width ANG, Cross section
A Resonances3,, G, E)
=-0.51 MeV ' -y
= o ajor ) A Subthreshold states
o — (ANCsgdecays)
Width ANG A Direct Capture (ANCS)
HeightG
Strength of the Capture:imbriani et al. (2005)
Direct Capture Runkleet al. (2005)
b Schroeder et al. (1987)
Mukhamedzhanov

and Tribble(1999)



