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THE UNIVERSITY OF NOTRE DAME NUCLEAR SCIENCE
LABORATORY

* “Midscale” nuclear physics laboratory

* Low energy nuclear reactions
* Nuclear astrophysics
* Nuclear Structure

* Energy and Safeguards

* Particle accelerators
* 5MV single ended machine
IOMV Tandem
* 3MV Tandem




WE DO LOTS OF MEASUREMENTS!
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PEOPLE

* Around 30 graduate students
* 19 faculty

* 10 tenure track faculty

* 7 research faculty

e 2 theory




LECTURE OUTLINE

* Lecture |: Nuclear Models and Introduction to R-matrix theory

* Lecture Il: Phenomenological R-matrix and uncertainty quantification




LECTURE I: NUCLEAR MODELS

AND R-MATRIX THEORY




Direct reaction

* Very fast --- time scale of 10-%? s
* No intermediate state

REACTION
MECHANISMS Compound Nucleus
* Significantly slower --- 101> to
10-17 s

* Intermediate state that has time
to thermally equilibrate




THE
COMPOUND
NUCLEUS

A nuclear system that has
intrinsic properties that

Level energies, decay widths

Dominates at low energies
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THE EVOLVING RESONANCE REGION

Features of nuclear spectra probed by nuclear reactions

cross section

particle emission
'/\ threshold S,,

' continuum (
bound . i j
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! resolved resonances
| resonances
I giant resonance
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Shamelessly stolen from a lecture by Gregory Potel



cross section

DIFFERENT THEORIES FOR DIFFERENT
ENERGY RANGES
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Shamelessly stolen from a lecture by Gregory Potel



Cross Section (barns)

NEAR THRESHOLD STATES ARE PARTICULARLY IMPORTANT

FOR NUCLEAR ASTROPHYSICS

Nalov)=3.7313 x 10041273/

At the temperatures of stellar burning, the rates
are often dominated by a few resonances
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Nuclear reaction theorist’s roadmap

No resonances

oveTLaP?

level dehsifzj
high?

Yes

S =

No
}
Hauwser—Feshbach
(DWRA,CC,...) DWBA: Diskorbted Wave
_ - Born Approximakion
TALYS, YAHFC, ERESCO *AK'U’?-E CC: Coupled Channels
EMPIRE M ———

Shamelessly stolen from a lecture by Gregory Potel




THE COMPOUND NUCLEUS HAS
INTRINSIC PROPERTIES
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Each level has a spin-parity (J™), energy
(E,) and a set of partial decay widths

()

It doesn’t matter what reaction is used
to create the compound nucleus; these
properties are always the same

That means that we can use many
different types of reactions to learn
about the properties of a compound
system

It also means that any mathematical
model must be self consistent when
describing the cross section of the
different reactions



COMPOUND NUCLEUS

CONNECTION BETWEEN THE ENERGIES OF
REACTIONS AND THE LEVELS OF THE
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ASTROPHYSICAL S-FACTOR

10 [

Cross Section (barns)

— R-matrix fit, deBoer et al. (2017)
# Yamaguchi et al. (2014)
- Schiirmann et al. (2005)
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SEPARATION ENERGIES

How much energy it takes to pull a nucleus apart into smaller
pieces

Its just the difference in mass between the two individual
particles and the compound nucleus

Example: '2C + o separation energy in '°O,
« M('%O) = 15.994914619257(319) amu
« M(?C) =12 amu

* M(*He) = 4.002603254130(158) amu
« 1 amu =931.502 MeV/c?

[ M(2C) + M(¢He)] - M('60) = 7.16198 MeV




ITS HARD TO MODEL THE NUCLEAR
POTENTIAL

Atomic interactions Nuclear interactions
(long range) (short range)
. . L shell electrons 7
* Many-body interactions are very hard to model (8 electrons S Mcions

proton
* Essentially, if you have more than two interacting particles at

the same time, the theory becomes extremely difficult
* Modeling the nucleus is exactly this problem

* Each nucleon in the nucleus interacts with the others
simultaneously

* This is much different from, say, atomic physics, where the AN 7 ) it neutron
electrons are far from the nuclear core and their . U
interactions can be treated independently (perturbatively)

K shell =
(2 electrons) Rl
© 2012 Encyclopzedia Britannica, Inc.



* Models that try to model nuclear interactions from
as basic of a level as possible

* Quantum chromodynamics (QCD) (quarks and gluons) -
-- not yet

* Nucleon-nucleon interactions, with the many-body

A B I N IT I O problem solved numerically up to some controlled
imation
M O D E LS approxima

* Its always improving and that is part of the definition of
it.

* Examples for light mass reactions: Faddeev-Yakubovsky,
hyperspherical harmonics, no-core shell model and
quantum Monte Carlo lead to “exact” solutions to the
many-body Schrddinger equation




EXAMPLE: d(t,n)3He

Hupin et al., Nature Communications
(2019), https://doi.org/10.1038/s41467-
018-08052-6

Ab initio no-core shell model with
continuum to solve the five nucleon
problem and chiral effective field theory to
make approximations that streamline the
computations

A small phenomenological correction still
had to be applied to the resonance energy
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WHY PHENOMENOLOGICAL MODELS?

* We want to use nuclear cross sections as inputs for other applications

* Nuclear astrophysics --- modeling energy production and nucleosynthesis in stellar
environments

* Applied physics --- modeling nuclear reactors, nuclear fuel storage and nuclear
weapons

* We need a model that is flexible enough that it can both very accurately
describe data but have enough physical constraint so that it can be used for
extrapolation to unmeasured regions

match fundamental

& &
experimental ﬁ : R\ physics
data constraint




EXAMPLE

PHENOMENOLOGICAL

MODELS
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Potential models

Different (simple) functional forms for the
potential are used

Often uses a Coulomb part plus Woods-Saxon
potential and a surface absorption term

Reproduces many resonances and direct
part of the cross section directly from the
potential

Additional resonances may have to be
added ad hoc using individual Breit-
Wigner functions

If an absorption term is used, it doesn’t
conserve unitarity. Usually just fits one
reaction at a time.

Tunable parameters: potential strengths (V,),
radii (r;) and diffuseness (a;) and possibly BR
parameters as well
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R-matrix models ®

* No specific potential is defined

* Allows for maximum flexibility to
fit data

* In the ideal case, all channels are
modeled data from each is fit and
unitarity is conserved

* All resonances are added ad hoc

* Resonance interference is
accurately modeled

* Background terms need to be
included to model direct reaction
part

¢ Each resonance has a tunable energy
(E), reduced width amplitude (y;) and
each channel has a radius parameter

(@)

Sgq (keV b)

100 ¢
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Effective field theory

Derived as an expansion of
momentum, where the momentum
is small compared to the binding
energies of the interacting particles

Model accuracy (uncertainty)
in the calculation can be
estimated from the number of
terms used in the expansion

Fit parameters are the effective
range parameters (ERP). Some of
these ERPs, can be related to
fit parameters of other
theories, such as level energies
and asymptotic normalization
coefficients (ANCs)

Still under development



GOAL: SOLVE THE NUCLEAR
SCATTERING PROBLEM

detector

recoil V\u.cl.eu.s

""
_— -\'-P

e\.

debtected

nucleus

solid angle
dQ)

Shamelessly stolen from a talk by Gregory Potel

deflection

surface
ang le



“STANDARD SCATTERING THEORY?”

Cross section and Schrodinger equation in 3D

the partial wave components ¢(r) of the 3D wavefunction ¢(r) satisfy a 1D Schroédinger equation:

h? i | . . o :
(—%vi’ +V(r)— E) o(r) = 0; Sm(r) = delr) Yo (7). « R-matrix, DWBA,
H 4 whatever, this is the
n?d2 R0 +1) problem we are trying to
— +
241 dr? 24112

+V(r) — E) oe(r) =0

scattering amplitude solve

. _ _ deflection angle * The difference is how we
if V(r) has a short range (such as the nuclear interaction), it can be shown that: handle V(r)

solution for V[r}:\[/\ pikr
o) Do) + —— [0~ 0) e

fﬁ . " equivalent goal: obtain eithoarN
(EU 9 Cross section 1 h hft
( ) = |f(9)|2 Legendre polynomial P ESE§ e Dr.
dS ' 2. scattering amplitude
! ,. ‘ to get cross section
f0)=—=> (204 1)(*$ —1)Py(cosb)
2k ZE: k phase shift \ /

Shamelessly stolen from a talk by Gregory Potel



THE GENERAL ABSTRACT SOLUTION

Review of the integral equation solution N
.. L |
Start with the time-independent Schrodinger equation Ev = _%V v+ Vo
we rewrite it using the substitutions Q— (V2 n k2) Wb
vV2mE 2m
k = : =5 V¢ - , , .
h h 0°(F) = (V2 + k%) G(F)

this can be solved for an abitrary driving function
(Q x V1)) by solving for the Green's function, G(r), ;
which is the solution for a delta function source then U(F) = fG(?— 1) Q(ro) d° 1y

the solution to the actual source, @, becomes

the Green's function solution can be expressed as a 1 o
Fourier transfom G(r) /E‘Js "g(

the solution is obtained by using Cauchy’s formula and contour integration

1 L 1 e.'kr
G(7) = is-r d3—': o
(7) (2m)3 /e (k? — s2) ’ 4rr

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The Born approximation




THE GENERAL ABSTRACT SOLUTION

General solution \ i

The solution just obtained is not unique as it is possible to prove that the general solution is
G'(r) = G(7) + Go(r), where Go(F) is any solution to the homogeneous Helmholtz equation

(V2 + K)Go(7) = 0

the general solution to the Schrodinger equation is thus * No matter the assumptions, we
k|77l can start with a genera.l solution
W(F) = 1o(F) — m / eﬁ —V(R)(R) dFy based on Green’s function
2rh? | |F— 1 method

with 1o(7) being the solution of the free particle Schrodinger equation

(V2 + k2) 4o(F) = 0

note that the wave function appears on both sides of this equation, requiring prior knowledge
of the wave function to obtain an exact solution!

however, it is possible to use the integral equation for an approximation method called the
Born approximation

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory 1l The Born approximation



DIFFERENT ASSUMPTIONS FOR
DIFFERENT PROBLEMS

* Compound nucleus, R-matrix

* There are a complete set of orthonormal internal wave functions, which can be associated with
intermediate states in the compound nucleus

* Incoming plane waves, outgoing spherical waves

* Limited by truncation of infinite expansions: momentum, levels, channels

* Direct reactions, Distorted wave born approximation
* The scattering is weak, incoming plane wave is not significantly altered by the potential

* Incoming plane waves, outgoing plane waves



PHENOMENOLOGICAL R-MATRIX

REVIEWS OF
* Includes “fundamental” quantum mechanics MO D E R N P H Y S I C S

information Vorume 30, Numser 2, Parr I ArriL, 1958

R-Matrix Theory of Nuclear Reactions

A, M. Lang, dlomic Energy Research Establishment, Horwell, Berkshire, England

Descouvemont and Baye (2010) AND

R. G. Tuomas,* Los Alamos Scientific Laboratory, Los Alamos, New Mexico

deBoer et al. (2017), R-matrix theory section by Carl Brune R matrix bible



What 1s R-matrix used for?

- It’s a nuclear reaction theory framework, primarily suited for resonance
dominated cross sections

« That usually means, low energy nuclear reactions, but can extend high up in mass

- Parameterize and evaluate nuclear data to determine cross sections
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NUCLEAR DATA END USES

Nuclear Energy

w5 Astrophysics

vigir s oy BLACK MO

1
-

Nuclear

M ed i Ci n e International Atomic Energy Agency
Atoms for Peace and Development

Nuclear §

UTSouthwestern SENHLENEE)

Medical Center



A bit of history

- Very early nuclear theory was constructed in an ad hoc fashion with
the assumption that the reactions proceeded by the compound
nucleus mechanism first described by Bohr and Bethe around 1937

* The only theory at that time that seemed relevant was Weisskopf and
Wigner’s theory for an atomic system

« In 1938 Kapur and Peierls developed a rigorous nuclear theory
(perturbation theory) that did not depend on an assumed underlying
reaction mechanism

* It can be easily associated with the compound nucleus theory if states
that are far away in energy are ignored

 In the 1940’s Wigner and Eisenbud then reworked Kapur and Peierls
theory to make the energy dependence of different quantities more
explicit, and this became R-matrix theory.

- In 1958 Lane and Thomas wrote the “bible” of R-matrix theory by
pulling together all of this previous work. This is largely what is still
used today.

Peierls




CLASSIC BOUNDARY VALUE
PROBLEM

The nucleus

Outside: two particle clusters
that do not interact except
through the Coulomb
force

Atr_>a
V=V

Coulomb

Atr_<a




CHANNELS




TIME REVERSAL SYMMETRY




UNITARITY: CONSERVATION OF PROBABILITY
TWO BODY REACTIONS ONLY

No imaginary
potential terms




E.=E,, the energy of relative motion of the particles

LOTS OF of the pair ¢;
DEFINITIONS MaiMas
M=M,= , the reduced mass;
May+Mas
M | Eq|\}
ko= ku=( ) , the wave number;
ﬁﬂ
V. =10.="Nks/ M ,, the relative velocity;
ZIQZEG:EE -
Ne=1Ngl= , the Coulomb field parameter;

v,
oc=0q=argl (141+1n), the Coulomb phase shift;

 Pe=pa=Rala




VECTOR (SPIN-ORBIT) COUPLING

J=L+S

This kind of combination 1s visualized in terms of a vector model of angular momentum.

j = total angular
' momentum quantum

=32 i=1/2
number = 3/2,1/2,-1/2,-3/2 ;= 1/2,-1/2

hyperPhysics.phys-astr.gsu.edu




TERMINOLOGY

Partition (o) --- group of two particles that the system can be decomposed into (ex. '?C+a.). Outside of R-
matrix theory, a partition is often called a channel, which can lead to some confusion.

Channel (c = asl) --- a partition with a specific channel spin and angular momentum
Channel spin (s) --- s = s,+s,
Relative orbital angular momentum (l) --- the relative angular momentum of a channel

Channel radius (a.) --- phenomenological parameter, somewhat arbitrary division of the internal and external
space, does NOT correspond to a real nuclear radius

reduced width amplitude (y.) --- phenomenological parameter related to the width of a level (y2 is the
reduced width)

resonance pole energy (E) --- parameter associated with the energy of a level (does not necessarily
correspond to the observed energy of a level in the formal theory)

Boundary condition (B,) --- phenomenological parameter, can be eliminated using the alternative Brune
parameterization



OUTLINE OF THE R-MATRIX METHOD

* The problem assumes

Point like particles, 3D

Two particles in, two particles out (unitarity)
Angular momentum and parity conservation
Long-range Coulomb interaction
Time-reversal invariance

No potential specified!

Incoming plane wave Outgoing spherical wave

Wave functions of relative motion

Hx= 5?(,

The wave function of relative motion has the form
X~ Mast (o) (01 (D (Q4)), (2.5)

We need to derive the radial wave function u_

Solve the radial Schrodinger equation

[ & l+1) 2M,

dr .2 ¥ 2 i

( Vﬂ:sl— Eu) :l'uusi [:fa) =0.

Atr.>a

V{gg£2 ZE]Zﬂﬂgz/ra




INCOMING AND OUTGOING PARTIAL WAVE
EXPANSION IN THE EXTERNAL REGION

* The solution to the Schrédinger equation in the The condition of continuity for the wavefunction
. at the boundaries gives:
external region
2 .
Ce™%= Bsin(—kL/ 2)

* At positive energies in a Coulomb field soa O=-D

. , De ™2 = Bsin(kL /2
IF=(G.—1iF.) exp(iw.), ) o }

Ot=(G+1F,) exp(—iw,),

The condition of continuity for the derivative of the
wavefunction gives:

aCe ™% = kBcos(—kL 1 2)

where G_and F_ are the irregular and .y Lowest odd
< ¢ - 8 —oiDe all2 - kBcos(kL [ 2) wavetunclion
regular Coulomb functions,
respectively, and Dividing either of these two sets gives:
! —k 5> hyperPhysics.phys-astr.gsu.edu
We=Wal= 0 al=0a0= D, tan~1(n,/n) O=—7J5= -k
n=1 tan ?

o, are the nuclear phase shifts.
Remember a square well potential? The solution to the wave
functions in the box are sin and cos, which are just another pair
of special functions



INCOMING AND OUTGOING PARTIAL WAVE
EXPANSION IN THE EXTERNAL REGION

* The solution to the Schrédinger equation in the
external region

* At negative energies in a Coulomb field

O =W (= ey I+}; 20.)

where W is the Whittaker function,
and

* Now we can write down the complete external
(channel) wave functions

i Itr£+

gan!rm+= (?'Iymu}) L 'pn:mr
Va'¥a
. Ocr!+

Baﬂlpm+= (1517”{1]') e

Va Ve

The condition of continuity for the wavefunction
at the boundaries gives:

Ce "% = Bsin(—kL /2 = 0 %
_n ( ) so (=-D — -
De ""*= Bsin(kL / 2) Bsinke | Yo
aex
The condition of continuity for the derivative of the Ce
wavefunction gives: ' De ™™
aCe ™% = kBcos(—kL 1 2)
I Lowest odd
—aDe ™2 = kBcos(kL [ 2) wevanofon
Dividing either of these two sets gives:
—k 3 hyperPhysics.phys-astr.gsu.edu
a=—F _ -8 yperPhysics.phys-astr.g
kL
tan —
2

Remember a square well potential? The solution to the wave
functions outside the box is an exponential function, which is
just another special function



INTERNAL WAVE FUNCTIONS

* We make very few assumptions about the internal wave functions

* They satisfy the wave equation

H‘I’JM:.E;‘I’JM}

* They can be expanded in mutually orthogonal eigenfunctions (level wave functions)

V=2 AriXasu)
N

* We will end up associating this A index with a level in the compound nucleus

* We don’t know 'X}.,JM and will never actually define them further




FUNCTIONS AT THE CHANNEL SURFACE R = A

external functions

(more definitions)
L= (pﬂOGF}"OG)rd =a,=S¢+1P,, (4.4.-)

the real and imaginary parts of which are, according to
(2.13b), (2.12), and (2.17), respectively,

Shift St=[pAF.F,/+GCG.)/(Fi+G2) Jrc =ac,
function Sc=(pW o /W Jre=as;

Pr=[p./(F+G?) Fe=ac, | Coulomb
Penetrability (4.4b)

(4.4a)

P;~=zero. .
function
In the case of the positive-energy channels, the ratio
ﬁg+= {Ig"}'od) Te --ﬂnci (4.5}

is a unit-modulus complex number which is expressible
as '

ﬂ,ﬂ Eﬂal =E}Ip5' (WQ“¢;+), (‘4.53—)
where Hard sphere phase shifts

¢’¢+E¢ni+: tan™! (Fuf’(;#) (45]3')




MATCHING WAVE FUNCTIONS AT THE
BOUNDARY SURFACE

By taking the
We match the wave functions and their derivatives at the boundary surface  logarithmic derivative
at the channel surface

‘I’JM=§ AMXMM: HXy g = ExrXarm.

Convolution of the surface wave

= {ﬁﬂ/gMFﬂg)if %d‘g, function (external) and the internal

wave function, which we can’t solve!

To solve for Yxe analytically we would have to know the form of the internal
wave functions Xy jar

Instead, the “¥ac and E, become parameters that are obtained by fitting to data.
They are just numbers after all (reduced width amplitudes and pole energies).

There isa “Yxe for each possible decay channel for each level, which can lead to
quite a lot of fit parameters depending on our specific problem

The “¥xe¢ are the reduced width amplitudes

The ‘n.:g are the reduced widths



ASIDE: REDUCED WIDTH AMPLITUDE

How much do the two particles fusing together look like an internal state?
« Kind of like a spectroscopic factor Yae= (#*/2M .a.)? f e XasmdS,
* Wigner limit: Y& = 30 [2ua

« Normalized reduced width 9:{{1 — f};fr/ryafr ~ 1




GREEN’S THEOREM

Green’s theorem, single channel

dity ditq
(‘Hz—"—"‘ﬂl“—) —I"'-—" Fl'—Esz ‘Hqﬂrﬂd?'—
dr dr / s

Boundary condition

(dﬁ}.,f d‘?’) g — 0.

The Green’s function that relates the value of the
wave function to its derivative on the surface.

i uy (r)ur(a)
2
2Ma » E,—E

G(ra)=

The R-function

This R-matrix is essentially the

R=G(a,0)=2_»v}/(Ex—E), resultofthese boundary
conditions




RELATION TO THE COLLION FUNCTION

A general solution ¥; may always be expressed in
the external region as a linear combination of the
linearly independent 9; and ©; waves of (2.19):

T~ 9;— U0, (1.12)

The coefficient U; is thus the amplitude of the unit-flux
outgoing wave ©; which is associated with a unit-flux
incoming wave d;; it is called the collision or scaltering
function.

* Matching the internal and external wave functions at the surface

I; 1—L*R,
U=——-—,
O; 1—LR;

* The collision matrix can also be expressed as a phase shift

U,=exp(2:6;),
where

&= tan"[ R, Py/ (1— RySy) J—¢i1+w;, Nuclear phase shift




CONNECTION WITH GENERAL REACTION THEORY OR
THE COLLISION MATRIX (U)

Generalized to the multichannel case,
The R-matrix

Ry o= ? '}’}xc"}’h.:/{E}.—E).

Connection to the collision matrix
U/= ¢*0~1(1-R’LO)*(1—-R7E%)Ig~*
All these other matrices besides R
can be calculated from special

functions
Transition Matrix (T-matrix)

Tu"a’!’. o IJ = ﬁzwﬂqfﬁa'a’l", asl™ Unr’.s’l". asi"r-




* The mathematics is

similar to that of wave
guides in E&M

De Saint Jean et al. (2021)



THERE AREA LOT OF DIFFERENT
METHODS TO DERIVE THIS

Nuclear Physics 4 (1957) 503—528; @ North-Holland Publishing Co., Amsterdam

Not to be reproduced by phownrint or microfilm without written permission from the publisher

THE BLOCK OPERATOR

#

UNE FORMULATION UNIFIEE DE LA THEORIE
DES REACTIONS NUCLEAIRES

CLAUDE BLOCH
Centre d’Ftudes Nucléaives de Saclay, Gif-sur-Yuvette (5. & 0.)

Recgu le 13 avril 1957

Abstract: The determination of the scattering matrix in the theory of nuclear reactions is

essentially equivalent to the construction of the Green function for the Schrédinger equa-
tion in the internal region of the configuration space with proper boundary conditions at
the nuclear surface. This Green function can be expressed as the inverse of an operator
mvolving the sum of the Hamiltonian and of a ‘‘boundary value operator’” which is
different from zero only on the nuclear surface where it has a singularity of the same kind
as a Dirac function. A general operator expression for the scattering matrix is derived.
This expression can be transformed into a matrix expression by introducing an arbitrary
basis of orthonormal functions in the internal region. The Wigner-Eisenbud and the
Peierls-Kapur formulations are obtained by an appropriate choice of the internal func-
tions. When a large number of resonances contribute to the cross-section, the expansion
of the scattering matrix in terms of resonances of the compound system is not useful, and
a more appropriate starting point can be obtained from a perturbation expansion of the
scattering matrix which is easily derived from the general operator expression. A simple
statistical assumption is proposed in order to determine the dominant terms in such an
expansion, It leads to the optical model for the elastic scattering and to the direct inter-
actions for the inelastic scattering,

* Descouvemont and Baye (2010)

2 d B
L(B) = I—é‘(r —a)

21 dr r

B is the boundary parameter (an arbitrary constant)

Inhomogeneous Block-Schrodinger equation
(Hy + L(B) — E)u}™ = L(B)uf™

i int’ ext’
w(a) =u™@) uy (a) =u; (a)

(Hi+ L(B) — E)Gi(r.r')y =8(r — 1) Eranaia

. a ! function
u™(r)= [ Gu(r.rYC(BYus™(r") dr’ :
0 solution

Single channel case
2 N

N Yo
RIE) = ~—Gi(a.a) R(E.B) =} "
(E) = 5 —Gila, ) Dy



MAIN TAKE-AWAYS

The cross section is derived in terms of a partial wave expansion W(O) — Z akPk((:os(()))
k
TAVAS
Rey=) ———

The solution is a series of poles:
A=1

The square is proportional to observables like the cross section g X ‘Rmfl‘g

We have a much more physically constrained fit function than the Briet-Wigner approximation



TRUNCATION OF MANY THINGS

Theory has infinite sums over |&, levels (for each |7), channels, and angular momentum
@]

Rcc’ YA I\

Drastic truncations are often made, how can this approach still work? 1 E/\ — L

, A = level index
Levels have a local (energy) effect on the cross section

* If resonances have larger widths, data should cover a wider energy range
* Can sometimes get by with just the levels in the energy range covered by your data

* Sometimes need subthreshold states and/or background states

# of real levels # of BG levels
At low energies, low angular momenta dominate R., = E TATIAS 1+ E ocTbe
e _ _ .
* Penetrability, both orbital and Coulomb \ E/\ — B ) Eb — b

Closed channels usually don’t have much of an effect except near (above) thresholds
* Can cause trouble for data sets that end at a particle threshold

* Don’t expect a good fit at the highest energies of your data



CROSS SECTION

THE (UNPOLARIZED) DIFFERENTIAL)

kot
(25+1)_d‘7:15. a's"dﬂa*‘: (25"'— 1) ‘ CE’(HG!’) ] Eﬁﬂ'-ﬁ"- s
T

+ X QLD 241)i(slp0| T M)

JiJa MM
hlsl’ls’
pr'mama’

X (SEEV‘UI JQM:}) (S’Efl—”mf |,..I1M1) (Srﬂgfv'rmzr [szﬂ)
X (Tr.:’s"h", ash” ¥ e 417 (ﬂn’))
X (T-::"s'h". nﬂi'ray‘!ﬂfuﬂ,} (ﬂa")) *

+ 5 (24D sHO|TM) (sVv'm' | TM)
TMiY

m' vy’

X0arsr Py asrd RE[ﬁ Ta’a*.’r'. ast’ V' L (ﬂﬂ’)cﬂc’ (Eﬂ’)]‘

Resonance term

Interference term



ADSIDE:
WOLFENSTEIN
TRACE
FORMALISM

* General formalism to
calculate any observable

* Lincoln Wolfenstein
« MSW effect

* Neutrino oscillations in
matter

* Polarization observables give
us constraints on each
element of the T-matrix, but
they are hard to measure
experimentally

)
- Los Alamos

Complete transition (T) matrix Talk by Mark Paris (LANL)

71 Wolfenstein formalism

__ 1 ! f
<Of>—Tr(pf)Tr(pfOf) T )Tr(MpMO)

p=aa andaf Ma._.

. . 1
Using the expansion p. = 0) 0,
g the exp P, Tr(ﬂf)2< N

and defining Tr(p )=0 ,(0) gives finally

Lincoln Wolfenstein

1923-2015

[o.=0,®0,

I

|0,=0,®0,

o)

Paris & Hale (LANL) |AEA 5-7 December 2016

(70(8)<Of> —E< ITE(MOM'0),
Y 4J'l'<¢

3 A .
b= |- %%@?

i i

7 1 M J oy M
QJS’I' >2:"f'..sf <gisf

NATIONAL LABORATORY
EEEEEEE

https //www-nds.iaea.org/index-meeting-crp/CM-R-matrix-2016/docs/Paris_2016.pdf




WHY THE BOTHER!?

* Reduced width amplitudes are real, but can be positive or
negative in sign

— YAV
R(’f —
A=1
2
Rﬂ{. ) = ,-}.;J'Ll’f,-}//“-.I.’, _ ﬁ.:./l(f,-}/lﬂ + ?2{:’-}/25
)\lE}‘_E JE‘l_JI—:/1 EQ—E
g X ‘Rcr:"‘g

Cross Section (arb. units)

10

—_
-

[E—
-

10

I\I IIIIII|

Energy (arb. units)



THE CLASSIC EXAMPLE:

THE DOUBLE SLIT EXPERIMENT

* Classically, the two signals would just add

together (incoherently)

* In the quantum world, (indistinguishable)

things add together coherently

VA

Bygw Ny =

VA

N\ ==
\
\

oA
I
'
i

f
f

I

electron
gun

wall with absorbing
two slits wall

MVITITAS

P]I

probability
densities



ASTROPHYSICAL S-FACTOR

-4 T I T T T
10 [~
2 10°F
S(E) = Eo(E)e*™ o 1040
=
i Z1ZQE’,2 S 10_10 B
7= E hg 8 10'12 —
O 4]
10 " «  Schiirmann ez al. (2003)
10
10_18 1 | ] | 1 | ] | 1
= . Highlights .the nuclear part of the b)
> 10 cross section
O
Approximately dividing out >
the s-wave Coulomb et E
penetrability (visualization / % 10
computational reasons only) S
e 2
10 B | . | . | . | .

Center of Mass Energy (MeV)



INTERFERENCE

* Included in the SHAPE of the cross
section, is the correct modeling of the
interference between resonances, which
is very important for EXTRAPOLATING
the cross section to low energy

10

10

10

=
i\

I::;II
g™ ]

S factor (MeV b)
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S-factor (MeV b)

MULTI-RESONANCE INTERFERENCE

105 F ‘ 3 B | | | | -
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Penetrability
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BACKGROUND POLES (BGP)

# of real levels

TAY 77 of BG levels -
Ac A A

RCC, f— CIACTA + e
Z (E)\ — E) Z (Eb — E)

A b

* Since there is a different R-matrix for each ], one should consider at least one BGP for each
* Can represent two (or maybe even more distinct physical things)

* A real level at an energy just higher than the data

* The sum of all levels at higher energy

* The “potential” contribution to the cross section (non-resonant)

* In practice you want your data to extend to an energy range where the cross section is weaker
at higher energy



BGPS CONTINUED

A good situation
BGP is at 40 MeV

Contribution is relatively flat as a
function of S-factor

Higher energy resonances are
weak

High energy data constrains the
magnitude of the BGP
contribution well

10_ Snover et al. (1974) _E
— Total S factor ]

o[ TRy ]

10 E —— E2 hard-sphere (EC) E

= 107°F E
> ; :
L [ i
10 B i
% E - B TSR o l ] { { J{ - E
2 10'5 E:‘ e e l _______ =
10°F -
107 I . | . | . | . |
0.0 5.0 10.0 15.0 20.0

Center of Mass Energy (MeV)



BGPS CONTINUED

A bad situation

Broad, strong, resonances are present
at these higher energies

Could the tails of these broad, higher
energy resonances contribute to the
low energy cross section!?

Fit to the high energy data not
accomplished satisfactorily

BGPs definitely needed, but not
constrained so well
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Transformations from R-matrix to observable
parameters

Following Thomas (1951), it is instructive to make a
one level approximation to the level matrix A. This leads
(ignoring the hard-sphere contribution if ¢ = ¢') to

2 P}.CFJ\C’

‘.ch*' — 5 1 5 3
(_E‘}.L — E —|— &}‘) —|— Z (ZC” ]__"),LCH)

(38)

where 1"y, = QPC*}EC is the formal partial width for chan-
nel ¢ and Ay is the energy-dependent level shift:

Ay =— Z ﬁic[‘gc(EJ - BC] (39)



Special conditions

“on-resonance” condition

BE — SC(EA)? Observable condition
- ds. - EA Observable energy
Ay =~ (Ey — E 52 Fep ,.,
A ( A )Z 'Ac dE (E}‘) ['y. Observable width
i
FAE[‘)\C’




Careful to note!

. 2P.~2
[y, = - ds, . observable

_I_Z 'Ae! dE' EA)

[y, ‘)PC f}w formal



BRUNE PARAMETERIZATION

PHYSICAL REVIEW C 66, 044611 (2002)

Alternative parametrization of R-matrix theory

C. R. Brune
Edwards Accelerator Laboratory, Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701
(Receved 15 July 2002; published 24 October 2002)

An alternative parametrization of R-matrix theory is presented which is mathematically equivalent to the
standard approach, but possesses features that simplify the fitting of experimental data. In particular, there are
no level shifts and no boundary-condition constants which allow the positions and partial widths of an arbitrary
number of levels to be easily fixed in an analysis. These alternative parameters can be converted to standard
R-matrix parameters by a straightforward matrix diagonalization procedure. In addition, it 1s possible to
express the collision matrix directly in terms of the alternative parameters.

* Can do fits in terms of “observable” energies and reduced widths (E, v,

Unbound state Bound state

B ~

1“_ _ 2PC‘Y‘T 2 _2a‘u‘(’a(’ ?I—C
e Cie=73 2 ds
) c
1 + 2 ‘}/;f ¢ 1+ 2 yf(’( R



PRIMARY y-RAY TRANSITIONS

Often implemented using perturbation
theory

* Works in cases where the electromagnetic part
of the interaction is small compared to the
hadronic part

* Alternative approaches include Reich-
Moore and relativistic wave functions

Can include a direct capture model

* External Capture

PHOTON ENERGY . (MeV)
4].2 46 "5].9_' 5i4 . 518 . 6i2 66

T I
oiz oly.n)% B
[ g=90
F
0.09r +{ -
L b
008
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o oL 1. AT |- 3 MR SR S
E 0 04 08 1.2 6 2, 24
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o | . ' . J
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0.2 : .
009 i A
0086}~
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NEUTRON ENERGY (Mev)

FIG. 5. Final R-matrix analysis of the observations of
the 0(y,n,) %0 reaction. The parameters used in this
analysis, Tables III and IV, also describe the *O¢,n)%0
reaction. The interference minimum at 5.38 MeV is not
as deep as that given by the simple hard-sphere model.

First used by Holt et al. (1978)
to fit '7O(n,y)'°O data

Used by Barker and Kajino
(1991) to fit '2C(a.,y)'°O

Used by Angulo and
Descouvemont (2001) to fit
“N(p,y)'°O

Detailed description in deBoer
et al. (2017) by Carl Brune

Mathematic
implementation is rather
cumbersome



WHY R-MATRIX?

Assumption: the data is correct

Maximum flexibility = can most accurately reproduce
experimental data

Maximum flexibility = easiest to mess up / most influenced
by incorrect data

Track record is pretty good

It's been used for a long time, a lot of the details of the
formalism have been derived and are accessible in the
literature

Computer codes are available and accessible




LECTURE 2: PHENOMENOLOGICAL

APPLICATION OF R-MATRIX




The AZURE2 code: an R-matrix code for

nuclear astrophysics

® Originally developed by R.E. Azuma under the Joint
Institute for Nuclear Astrophysics (JINA), published

2010 . . “;5 &i\\:
=X ‘:HL/(
J 1 NA JINA-CEE IReNA

® AZURE2 developed by Ethan Uberseder, made

publically available in 2012 @

® azure.nd.edu




WHAT ARE AZURE2’S MAIN CAPABILITIES?

File | Configure Documentation

PLirgthtl I_Sight I_Fightt I:-‘?‘ta'vly Hsequ HFea\t/:y E)écitation SeEparation CFlcadl'!neI

Designed originally for charged particle reactions |.— e = S =
2_ % 1+ 0 8F 3+ 0 0.9372 0 0
and for extrapolations to low energy ENRE i : " - : 0 0
14 | Y 1+ 0 F 2 0 2.10061 0 0
5_ Y 1+ 0 18F 2+ 0 2.52335 0 0
« 12C(a,y)'O was the benchmark reaction i n ’ ar - ’ o7 0 0
8_ 1 1+ 0 8F 3+ 0 4.1159 0 0

9 o 0+ 0 N 1+ 0 0 4.41463 5.44
Radiative capture E . ; F - ; . ; ;
P E Y 1+ 0 8F 5+ 0 1.12136 0 0
: , , B . o ur - . 0 0
Simultaneous multiple exit and entrance channel [« 1+ 0 a+ 0 0 0
E 1 1+ 0 8F 2+ 0 4.9636 0 0
fits (AZURE2) Ei - 0 o o- ] 0 0
18 Y 1+ 0 F 1+ 0 4.36015 0 0

Lots of active development

* Neutron resolution / experimental routines

* Thick-target yields
* Improved Coulomb functions / error handling

* Secondary gamma-ray angular distributions after
particle emission




WHAT FIT PARAMETERS DOES AZURE?2
USE?

* We use the alternative parameterization of Brune (2002) to replace formal R-matrix parameters (pole energies,
reduced widths) with observable level parameters (Level energies, partial widths, asymptotic normalization coefficients)

* This alternative parameterization was a real improvement in accessibility for the R-matrix technique, because the
formal parameters have no intuitive meaning, so they are more difficult to work with.

* Also, by using observable parameters it means that there are no large databases where parameter values are already
cataloged that can be used as initial starting values for a fit.

Elevel

T
(keV) XBEF JII i3
0.0 L DE GHIJKLM 1/2- 5.965 m 4
% £ = 100
Lhfel Lovm o Lz Lol Er e We can use the parameters listed in
5 p = 100 compilations like NNDC directly.
3502 2 2 DEFGHIJK 3/2- €2 kev 4
% IT = 0.0011
£ p = 100
3347 4 D FGHI K 5/2+ 47 kev 7
£ p = 100

% IT < 4.3E-6



THE IMPORTANCE OF ADDITIONAL
CONSTRAINTS

: : o , E (MeV
* The phenomenological R-matrix theory only has limited (but sometimes powerful) . )
. : 13.86
physical constraints 1367
13.27 13.13
: : 12.97 13.09
* Momentum conservation (resonance interference) 1295 1350
: . o 3 1245
* Conservation of probability flux (unitarity) BNgp L2
12 11.60
e Ti C+ o= ==1+5t
Time reversal symmetry 1 Tt
* Since limited nuclear physics constraint is present, we need to be very careful
10.36
* Legitimate R-matrix criticism: you can fit any cross section you want to arbitrary precision if 9.84
you use an arbitrarily large number of levels 9-39
* It is therefore very important to have either a well-known level structure or a
LOT of constraining data
* If you don’t have either of these things, e.g. few data with poorly understood level structure, > 716
then you need to be very careful about your claims (uncertainties) Cro—= g'é%'
* “More careful” usually equals “Many more calculations to test different assumptions”. 613
6.03
* The inclusion of additional information from nuclear structure / theory helps a lot, if it
is available. 0.00

—
a

+ +

(SR IYo)

—I O\ —I L")l =, L




WHAT KIND OF REACTIONS ARE APPLICABLE
FOR R-MATRIX?

Usually Compound Nucleus 1012 - 20Ne((x,y)24Mg -
* Two step reactions (a+A > C* - b+B) 1010 — i : . . ]
* No three body yet... § 108 u | : i I I | : ! : | |
* Usually nucleon — nucleon reactions O 106 i il‘ i | H | &| t | I | : : ‘ |= ; o
* But can also be extended to capture (a+A > C* + ) % 4 ‘_/./ \‘\‘ |L,l‘!|\ ? : ﬂ ' f‘ !i I | ,-II.\ | }j‘-\ 1 ,!I 1
* And even (C* + B > b+B) g 102 \'\.\. /“ ‘i \"l,\.l} T/ \'Jk\'h"l \-I.rl A \"\'\.\
Usually low energy S 107 v i
* Low angular momentum dominates e 100 L\.\E_\ | N
Usually low level density 1()_2 - IZC(oc,y)mz) *-i-lfm_upﬁ’ur?ﬁ”n‘wm\d_:
* Practical limitations 10'40 : 0'5 : '1 : 1'5 : é : 2'5 : é ' 35

Useful when broad resonances are present in the cross section E(x (MeV)



RADIATIVE CAPTURE

We very often need to analyze radiative capture data

Because this is an E&M interaction, it is not a viable
channel for standard R-matrix

Lane and Thomas give a perturbative approach for
resonance (internal) radiative capture

Unlike particle interactions, a direct mechanism is
very significant for many radiative capture reactions
even at low energies (external radiative capture)

* Holt et al. (1978), Barker and Kajino (1991), Angulo and
Descouvemont (2001)

* Asymptotic Normalization Coefficient (ANC) gives the
magnitude of the direct capture

* See the many works by Akram Mukhamedzhanov
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he ANC connection

" ' I ' I ' ' ' I . . .
Subthreshold & gL o a) | R-matrix Contributions to the
Width ANC. B = Scattering: this work ]
! P B - o Cross section
051 Moy o 102 N “Nep)' ‘N * Resonances (I, I, E)
= - e =TT
" o3 B e ' — e Subthreshold states
o
=TT T T T -2 _
-~"" Subthreshold <~0. " e ('A_‘NCS' y-decays)
Width ANC, = %84 R U T TR S e e . * Direct Capture (ANCs)
- Y T Y e T TR
Height ", = 103 | | - S o
Strength ofthe 8 107 F o V5o °) | Capture: Imbriani et al. (2005),
Direct Capture g.:nfi 3f (P:¥6.75) Runkle et al. (2005)’
ANC T E X g gy X 3ER X b P %
’ 10-¢ . trtres Ll LY Schroeder et al. (1987)
C l’I ‘\ 1 | I | I 1 I
Mukhamedzhanov 00 0.5 1.0 1.5 2.0 2.5
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ASIDE: ANCS CAN BE OBTAINED FROM TRANSFER DATA
THROUGH POTENTIAL MODEL ANALYSIS

TECHNISCHE
UNIVERSITAT
DARMSTADT

DIRECT NUCLEAR REACTIONS | NUCLEON TRANSFER REACTIONS

COMPUTER CODES

FRESCO developped by |. Thompson, Surrey, is

an open source software for transfer and I ;re S C O

(ln )elaStI C reactions Coupled Reaction Channels Calculations

www.fresco.org.uk

* DWBA, BLER bR ear Reactio Hore Fresco Input Examples
* Non relativistic or AStrop

If a simple click on these files does not download them, then right-click and select

° Wld ely used | n the commun |ty Documentation ‘download' or 'save as' or 'save link as'.
e Details in book: = Do From Appendix B of the book:
4 L Input examples i
* WWW. freS CO.0 rq e k s t ‘ | ilnput Files lFmpected Output Files
E Reactions book [B1 [Elastic Scattering [Bi-example-¢lL.in [Br-example-el.out
Related Programs }H[lnelastic Scattering fB:-cxamplo-inf‘l:,in [l;:-cxnmplo»inol:.out
[B3 [Breakup (long form) [B3-example-br-long.in [B3-example-br-long.out
Special Functions (B4 IBreaL'up(sixoﬂ form) IB 1-example-br-short.in '5.1-L",\.\lllpl(;-lJl‘-&llOlTOllt
Other codes exist and are accessible: DWUCK e~ Saaaenn. e
- ; i . Contact [86 [Captune [I}L\re.\L\mplv—mp!urv.in Il’,o—u.\.ux11)lu—<"lplm‘u.u\1l
(old), ECIS (Dirac equations, relativistic) for Steloormation [ B7-p-cd iin Bo-p-cdout
B8 |Parameter search B8-p-cd.search Bg-p-cd-init.plot
Bg-p-cd.min Bo-p-cd-fit.plot

DWBA. =

Note that there are some misprints in listing the inputs in the book. The above

01.08.2024 TU Darmstadt | A. Obertelli | NUSYS 2024 | Direct Nuclear Reactions



ASIDE: FITTING TRANSFER DATA
WITH R-MATRIX

* Transfer spectra can be fit with R-matrix theory

* and some would argue that it really should be because interference can be
important

* Can be implemented using a perturbative approach, where the feeding
amplitudes are treated as free parameters and are essentially the same
as the reduced widths

* Kevin C.W.Li at University of Oslo is doing a lot of work in this area

5
N 1 -
Nfrb,{'(E) = P. Z G‘f”by‘u},{‘A}LH.
A Gﬂ; : feeding amplitude, should
be related to the scattering
For 1 level: amplitude

Gab F(
(E _Er T A)z + }1[‘25

Nap,c(E) =

2000|

1500

Physics Lefters B 827 (2022) 136928

300k
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B d) 14C(p,t)12C
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9 — 10
Excitation energy [MeV]

=0t —— T#lo,, 2MHio,, T 8Hlo,, —— 4'tlo,,
Bt = ()Mo, e Background/contaminant +1c,,, = Total fit+1o,,
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A PHENOMENOLOGICAL R-MATRIX ANALYSIS

EXAMPLE: '2C(p,p)'2C AND '2C(p,y)"3N

1.0¢ \| ]'
[ L
v
0.8} b
“1, E}cm=1£.5,9 \'
AN \K
0.6} \ ‘I t
ﬂf:i i \ .|! 'R‘H‘"‘-—q
<
0.2¢ ™, ,/
&"«._,,x
3155 i.iil] 500 &00
Elqp (KeV)

* E,, of resonances are about 450 keV and 1.73 MeV
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=
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o [=3 =] o
B3 w I~ o

o

r\ 06
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. f |
lo3
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mﬂh‘ﬂa‘w f
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S~ . . o1
L R} Lot )
h._ﬁ_ﬁ_ﬂh_‘-_ o-'\ 4
— HJ { ~_ 02
| Opy=118.9 T B
\ \ ;f 0.1
T v 0
Q=891 R — /',. .‘.I JII| : .] 02
+
¥
\; o1

07 08 08 mn
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Elr:lb [ ME‘V}

- E. =E, xM,/(My+M,)=E, x12/(12+ 1.007276) = 415 keV and 1.60 MeV
- E,=E_ +S=E_ + 19435 MeV = 2.3585 or 3.5435 MeV
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[ T T T T T ‘ T | T T ]
G ¢ Vogl thesis (1963)
10 F + Hinds and Barker (1992) E
B + Burtebaev et al. (2008) ]
- = this work .
DATA F O R I 2 C ( P "Y) =) - R-matrix fit, this work :
b .
Z10°k Kettner et al. (2023) -
T 0 / ]
ks i 1
8 3
A 1070
10-4 ; S P E'Z—TI-}Z—ﬁT-:\E%:_é
* Resonances observed at a similar energy in g ‘ e ‘ | ]
radiative capture studies 0.0 0.5 1.0 1.5 2.0
Center of Mass Energy (MeV)
* New measurements from LUNA, Notre Dame, . Vo 26 (0= 0.76) . LUNA (HPGe)

Rolfs and Azuma [27] (n = 0.77) - 90 deg
. . . ¢ Burtebaev et al. [29] (n = 0.75)
* A very nice collection of updated cross sections, & Bailey and Stration [30] (n = 1.04)

. . — E v LambandHester [28] (n=1.18
that are more consistent with each other, span a 2 2
wide energy range and have more precise L peeEE
uncertainty quantification s e ron s | R K
8 10_1 - AGB (20 - 140 MK)
H E 12 13N
B (p;Y) ;
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1073 E_ -|“-“|l R:M?tr:Xr ;I|57 VeV I I TR N T T B |
107 10°

Skowronski et al. (2023) Ecm. (keV)



E
Lzl XREF Jo Ti/2

LEVEL STRUCTURE OF 3N REVIEW =

0.0 L DE GHIJKLM 1/2- 9.965 m 4
52 =— I'_94£5_Me_V_ | —_— | —_— | —_— | —_— iE_: ED_ ]
2364.9 & DEFGHI K 1/2+ 31.7 kev &8
2 IT = 0.00158 13
% p = 100
as50z2 =2 L DEFGHIJK 3/2- 62 kevV 4
2 IT = 0.0011

Z p = 100

3547 4 D FGHI K 5/2+ 47 ke 7

Z p = 100

% IT < 4.3E-%

6364 9 CD FGH KL 3/2+ 11 keV
Almost 3 MeV gap +p = 100
c88¢ &8 CD FGH K 3/2+ 115 kev 5
. ° E = 100
* An ideal case for R-matrix £
7155 5 CD FGH K T2t 8.0 kev 5
£ p = 100
) 7376 9 A CD FGHIJKL 5/2- 75 kev 5
* Low level density % p =100
7900 FG 3/2+ = 1500 keWV
£ p = 100
* Isolated set of levels near threshold B oS f;”_kigg
9000 C GHJ 8/2+ 280 kev 30
: 947 8 A CD FGH J 3/2- 30 keV
* Resonances are broad enough to easily measure $p - 100
but not too broad so that their shape can’t be i - (1/2+) [ —
easily discerned % IT =2
NNDC.BNL.GOV 3p=72
10360 L CD FGH 5/2- 30 kev

% p = 100



LOW ENERGY LEVEL STRUCTURE OF 3N
FROM NNDC

¥REFs= Jo Tl’;z,"[leca._v E(y) I(y) M(y) Final Levels
E(lewvel) XREF J" (level) Tl_,z(level) E(y) I(y) M(y) Final Lewvels
(keV) (keV)
0.0 ABCD F ILMNOPQ UVWXYZabcdefghijklmnopgrstuvwxyz01234 1/2- 9.9584 m 36
% & = 100
2367.8 8 IMOP S UV XY b def jkl rstu =x z0 23 1/2+ 34.5 keV 3 100
3500.4 s A CDE IMNOP S UV XYZ f h jklm rst v x z012 3/2- 55.0 keV & 1135.6 8.4 [E1l] 2367.8 1/2+
3500.3 100 [M1+E2] 0.0 1/2-
3544.5 5 E IM O S UV X¥Zab def h jk rt 0 2 5/2+ 49.0 keV &

* Now that we have a better idea of what excitation energies we have we can try to identify the
corresponding resonances (Ex = 2.3585 or 3.5435 MeV)

* We could see two resonances but there are actually three levels around the energies we are
looking for!

* The first one is well separated so our estimated level at 2.3585 MeV must correspond to the
one at 2.3678 MeV in the table. We can also see that the width is reasonable, some 10’s of keV
that we could also estimate from the cross section curve



LOW ENERGY LEVEL STRUCTURE OF 3N
FROM NNDC

¥REFs= Jo Tl’;z,"[leca._v E(y) I(y) M(y) Final Levels
E(lewvel) XREF J" (level) Tl_,z(level) E(y) I(y) M(y) Final Lewvels
(keV) (keV)
0.0 ABCD F ILMNOPQ UVWXYZabcdefghijklmnopgrstuvwxyz01234 1/2- 9.9584 m 36
% & = 100
2367.8 8 IMOP S UV XY b def jkl rstu =x z0 23 1/2+ 34.5 keV 3 x=2367.7 100 [E1] 0.0 1/2-

3500.4 & IMNOP S UV XYZ f h jklm rst v x z012 55.0 keV & B.4 [E1l] 2367.8 1/2+
100 [M1+E2] 0.0 1/2-

3544.5 5 IM O S UV XYZab def h jk 02 49.0 keV 5

* We guessed that our other level was at about 3.5435 MeV
* The table gives two levels at 3.5004 and 3.5445 MeV.

* The second one seems to be closer to the energy we guessed, but both have widths that seem
to be comparable and similar to the width we might guess (again some [0’s of keV roughly)

* We'll put both into our calculation and see what happens



INDIVIDUAL CONTRIBUTIONS:
COULOMB SCATTERING AND RADIATIVE DIRECT CAPTURE

T | | | | | | | | | | | | | | | |
1000702 04 06 08 1 12 14 16 18 2

[ [ L L L L ! E(lli;g] XREF Jm T1/2
§_ elah =84.31° * Meyer et al. (1976) 0.0 L DE GHIJKLM 1/72- 5.565 m 4
= % £ = 100
[ 2364.9 6 DEFGHI K 1/2+ 31.7 keV 8
% IT = 0.00158 13
= % p = 100
:_ | 3502 2 L DEFGHIJK 3/2- 62 keV 4
= % IT = 0.0011
= % p = 100
B 3547 4 D FGHI K 3/2+ 47 kev 7
% p = 100

— % IT < 4.3E-¢©
— 6364 9 CD FGH KL 5/2+ 11 keV
- £ p = 100

I 688¢ & CD FGH K 3/2+ 115 kev 5
E £ p = 100

12 12
0 = 144.08° Clp.p) C -~ Level parameters:
T e e e * Ground state proton ANC = |.65 fm-!/2
] ] | | ] ] ] ] | |
| ' | " Kettnereral 2023) 15 | 13 *  Where does it come from?
+ Skowronski ef al. (2023 i i i
2}“’“}10'“{]“ fe;qu(g)o : Cp.y) N * Fits to this data
= Gyurky ef al. (202: . g
" .. . Skowronskieral 2023) = - * Proton transfer measurements (direct
oo" n 1] " ] | . " - - o o
| I reaction studies)

Center of Mass Energy (MeV)



INDIVIDUAL CONTRIBUTIONS:
LOWEST ENERGY PROTON-UNBOUND LEVEL

T | T | T | T | T | T | T | T | T
0, =8431°
ab

e Meyer et al. (1976)

||nm]

12 12
o, =laa08° CpP) € °
] | ] | ] | ] | ] | ] | ] | ] | ] |

T T T | T | T | T | T T |
« Kettner ef al. (2023)
+ Skowronski ef al. (2023)
= Gyurky et al. (2023)

s Skowronski er al. (2023) ] -
L | . . L ] " .

107,

] | ] | ] | ]
02 04 06 08 1
Center of Mass Energy (MeV)

] I R I R
1.2 14 1.6 1.8 2

Elevel
XREF JI T
(keV) /2
0.0 A DE GHIJKLM 1/2- 9.965 m 4

3502 2 A DEFGHIJEK

3/2-

62 kev 4
% IT = 0.0011
% p = 100

47 kev 7
% p = 100
% IT < 4.3E-6

3547 4 D FGHI K 5/2+

CD FGH KL 5/2+ 11 kev

% p = 100

115 kev 5
% p = 100

CD FGH K 3/2+

Level parameters:
* First excited state |, E, proton width, y-
width
* Where do they come from!?
* Fits to this data
* Many other measurements



INDIVIDUAL CONTRIBUTIONS:
SECOND EXCITED STATE

| T T | T | T | T | T | T | T
el;lb =84.31°

e Meyer ef al. (19706)

 —
-
IIIIHq

IIHm]

« Kettner et al. (2023)
+ Skowronski er al. (2023)
= Gyurky et al (2023)
+ Skowronski er al. (2023)

u ] -
u ] u | ] L] - “+

1070702

| | | | ] | ] | ] ] | ] | ] | ]
04 06 08 1 12 14 16 1.8 2
Center of Mass Energy (MeV)

Ejevel

XREF J T
(keV) . /2
0.0 A DE GHIJKLM 1/2- 9.965 m 4
£ £ = 100
236d4.9 @& DEFGHI K 1/2+ 31.7 kev 8
2 IT = 0.00158 13
% p = 100
3502 2 L. DEFGHIJK 3/2- 62 kevV 4
%2 IT = 0.0011
% p = 100
3547 4 D FGHI K 5/2+ 47 kev 7
% p = 100
%2 IT < 4.3E-6
©lgd 9 CD FGH KL 5/2+ 11 kev
% p = 100
6886 & CD FGH K 3/2+ 115 kevV 5
% p = 100

Level parameters:

First excited state |7, E, proton width, y-
width
Where do they come from?

* Fits to this data

* Many other measurements



INDIVIDUAL CONTRIBUTIONS:
THIRD EXCITED STATE

| | | | | | | | | | | | | | | B el

= XREF Jo Ti/2
0 0 =843]° o Meyer ef al. (1976) e
10 S lab — .~ ' 0.0 A DE GHIJKLM 1/2- 9.965 m 4
= % £ = 100
[ 2364.9 6 DEFGHI K 1/2+ 31.7 kev &
1 £ IT = 0.00158 13
10 3 £ p = 100
0 E | 3502 2 2 DEFGHIJK 3/2- 62 keV 4
10 = % IT = 0.0011
= £ p = 100
B 3547 4 D FGHI K 5/2+ 47 kev 7
: £ p = 100
10'1:_ % IT < 4.3E-6
= 6364 9 CD FGH KL 5/2+ 11 keV
- £ p = 100
0 I 6886 8 CD FGH K 3/2+ 115 keV 5
10 F % p = 100
-1F
10_ 12 12
10 0, = 144.08° Cp,p C - Level parameters:
- a * . . .
10 N T T T e * First excited state |, E, proton width, y-
JE N A D kemdrean sy, width
1 ) b (2 12 13
18—2 ’/\\ . zkow}i‘onakllegirg’)‘z(j)(l%J C(p,Y) N| <+ Where do they come from?
3 » Gyurky et al. (2023 L . ;
10 " . _ . Skowronskietal (2023) . * Fits to this data
‘4 "n X - v L) " . « «
10 < I Do * Many other measurements
]

T~ | | | | | | ] | | | | | | ] | |
1007702 04 06 08 1 12 1.4 1.6 18 2
Center of Mass Energy (MeV)



INDIVIDUAL CONTRIBUTIONS:
ALL CONTRIBUTIONS

B ] | | | | | ] | ] | ] | ] ] Elevel T = Tl/g
0L _q421o e Meyeretal (1976) —
10 = elle_‘l =84.31 ’ DE GHIJKLM 9.965 m 4
E % £ = 100
B DEFGHI K 31.7 keV &
_l % IT = 0.00158 13
10 = % p = 100
0B | DEFGHIJK 62 kev 4
10 = | $ IT = 0.0011
= £ p = 100
: D FGHI K 47 kev 7
: -1 % p = 100
o 10 — % IT < 4.3E-6
= 6364 9 CD FGH KL 5/2+ 11 kev
B | 2 p = 100
0 I 6886 8 CD FGH K 3/2+ 115 kev 5
10 E_ % p = 100
107 E T
9 12 C 12 C
10 X 0, =144.08° (p.p) Level parameters:
- a . . .
10 e+ | I | I | I | I T I | I | * First excited state |, E, proton width, y-
10—1 « Kettner er al. (2023) 12 13 WIdth,ANC
i, + Skowronski et al. (2023 i
10 % e f;,fozg) : C(p,Y) N| « Note that to extract accurate values for
10 1 x Skowronski ef al. (2023) each of the level parameters from this data,
10 5 | | this fit is about the minimum amount of
|

e | | | | | | | | | | | | | | | | .
100702 04 06 08 1 12 14 16 1.8 2  complexiy
Center of Mass Energy (MeV)
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WE HAVE OUR MODEL, BUT NOW WE
MUST MATCH IT TO DATA

* Problem: We don’t really measure cross sections in the laboratory, we
measure experimental yields

F(ED):*[E / . E(E, g(E — Eo)dE'dE (5)

where o(E") is the cross section devoid of experimental effects. The function
g(E" — F) is the spreading function that represents the energy distribution of the
beam particles and the function €(E") is the stopping cross section that represents
the energy distribution resulting from beam particle scattering within the target.
The function F(Ep) is the final simulated spectrum where Ej is the mean beam
energy.

* Convolution functions need to be evaluated, this often drastically increases
computation times



EXPERIMENTAL RESOLUTION

Thin target yield approximation

* We are often limited in our A — GNbth

experimental resolution by practical

constraints O = Cross section

* Target thickness vs resolution N, = number of beam particles
N, = number of target atoms
€ = detection efficiency
A = counts you see in your detector

P An infinitely thick
target is needed to
maximize the count
rate in your detector

An infinitely thin @
target is needed for
perfect resolution




BEAM ENERGY LOSS THROUGH A
TARGET

* Your particle beam (protons, o particles, etc.) loose energy as they pass
through your target due, primarily, with collisions with electrons lliadis’ book

> Q

* Atomic stopping powers (are tabulated, difficult to model)

E = Eb E = Eb - AEtarget I — E
Ep Eoo
Charged particle Y
1 Yi=gin { !
AE = (dE/dx) Ax __,;’"“‘u_i_.
dE/dx = stopping power e ‘
r T F
ettt Eett,2



CONVOLUTION OF THEORY WITH
EXPERIMENTAL RESOLUTION

* We need to apply these resolution effects to
the theory calculation to accurately compare

with the data

* Convolution integral

w0 =[S

I(;[Ef — F) is the spreading function

(E')

is the stopping power

(K — Ey)dE'dE

Hydrogen Stopping (eV—em?/10'%)

Stopping Experiment/Theory

16

12

0.8 &

1 10! 102 10% 104

Protons stopping in carbon, srim.org

44
142
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CONVOLUTION OF DATAWITH EXPERIMENTAL RESOLUTION

* No data is really “cross section data”,
there is always some distortion in the
observed yields due to experimental
resolution

* Energy loss through targets for charged 1 (E—e¢)
particles Q(E _ E) _ e 29 (E—¢)
2 ToF luti imati
* Energy resolution from time-of-flight and T OF resolution approximation
detector thickness for neutron induced oh(E —¢) =

* Angular resolution

* Etc.

oo () (2 (22)e0)

(E — A) < e < E Charged particle energy
loss plus straggling

Ustr(E) — f::‘“*'str"'.,f‘JE'r{l — B

Amy Roberts, Garrett Arquette (undergrad), Jakub Skowronski
(postdoc at Padova)

* Resolution is significant for both the
present measurements and many of the

1
. Q(E) — Cap {E:}:
4Nl+n measurements from the literature

0 otherwise

« Computationally expensive! @




"Cross Section" (b/sr)
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Here the R-matrix cross section
is convoluted with a step function
to approximate the energy loss
through a solid thin-foil target

« Gulaeral (2023)

Convoluted R-matrix cross section
but not average energy shifted

- =  R-matrix cross section

0.4

| | |
0.8 1.0 1.2 1.4

|
0.6
Center of Mass Energy (MeV)



 Differential yield (b/sr)

RESOLUTION DUE TO TARGET THICKNESS

Thick target, 5o pg/cm?

10 E ™ 1
104k

10 **Bla, o)L =
10°F .
10’k :
1{}% a;
.g - =
108 6 orders of E
10 : Gula et al. (2023) ]
10 F magnitude E
1L 7]
10 Ef ) =
- + "B(a,p,) Dataat 90| 3
107 — R-Matrix Fit E
10'].% B | | | | | | | | | | | | | | | | | | | | | | | | | ]
02 03 04 05 06 07 08 09 1 1.1 1.2 13 1.4 1.

C.M. Energy (MeV)

Significant resolution distortion

5

Thin target, 0.035 pug/cm?

-2

10" E

10
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Difterential Cross Section (b/sr)
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i\.j ﬁ
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Chen et al. (2003)

1.2 1.4
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Negligible resolution distortion



STRAGGLING

1.05 MeV resonance in '3C(a,n)'¢O
10.2(10) ug/cm?

vE) - [ 1

Step function for energy loss

) g(E —¢€)de

(m

l_ (E-A)<e<E

Ezp ("::I )

0 otherwise

g(e) =

'y

Gaussian part for straggling

(E—e)
—

Q(E L E) — E,E.::rb[,r-;—f.J

/dQ (blsr)

c.m.

dY

-5 . ; 1
0.79 0.8 0.81

1
0.82

Center of Mass Energy (MeV)



NEUTRON TIME OF FLIGHT

Source Time of flight distance (dL)

Beam buncher (dt) Detector thickness (dL)
0 |
J0-

» Vv e\

) - g(E —¢)de

iy

)= [ 1

p(E—¢)=




NEUTRON TIME OF FLIGHT

> See the SAMMY user
manual for example

(==

-]

i ]4N+n » deBoer et al (2025) 7

n —— R-matrix (convoluted) .
— = R-matrix

Total Neutron Cross Section (b)

| | |
10106 1.08 1.10 1.12 .14
Center of Mass Energy (MeV)




IN PRACTICE...

* In practice, we usually assign a Gaussian PDF in cases
where we don’t know the underlying PDF. We need to
make some kind of estimate.

W
Ln
1

W
=)
1

J
Ln
1

* Central limit theorem states that if you have several
different uncertainty contributions, when you combine
them, the final distribution will tend towards a Gaussian

Probability Density

-- Gaussian Approx.

Original Noise

1.5 A
distribution.
1.0
* We're always trying to improve, that’s science 0.5
* We strive to develop new measurements where the 0.0 ===
~1.00

uncertainties become reduced and can be better
characterized.

—Uf}'E —UfSG —{1125 0.00
Error

T T T
0.25 0.50 0.75 1.00



ADDITIONAL RESOLUTION OPTIONS IN AZURE?2

x AFURE2 — untitled @canopus.cre.nd.edu — 0
File Configure Documentation

Particle Pairs = Levels and Channels | Segments | Experimental Effects | Fitting Settings | Calculate = MCMC Plot

Segment List Number of Integration Points Convolution Active? Target Integration Active? Use Q-Coefficients? y Dependant Co
Jakub
x Add an Experimental Effect Line@canopus.cre.nd.edu * SkowronSkI
Segments List: Number of Integration Points: | 10 =
Resonance Width Multiplier: Points Per Width:
Include Gaussian Convolution Sigma [MeV]:
githUb.COm/rdeboer I Include Target Integration Active Density [atomsfcm ™2]:
/AZU RE2 Energy [keV]: [1000.0 AE [keVI:
Include Attenuation Coefficients Number of Coefficients:
¥ Include Energy Dependent Gaussian Convolution Number of Coefficients: |0 |
Curre nt|)' N Convolution Coefficients
¢« ”»
dev” branch y=
Coefficent Value
Cancel Accept




FITTING MULTIPLE DATA SETS
SIMULTANEOUSLY

Traditionally, we try to divide our
uncertainties into these two groups of
independent (point-to-point) or common
mode

However, many times uncertainties are some
mixture and we need to approximate

* New Bayesian methods can help to remove
these approximations

We usually fit using a %2 function to quantify
how well our theory matches the
experimental data

We need to be careful when we have several
data sets

0
10
-2
10
"
=
= -4
Z 10
kS
ISR
2 107
i
o
E s
O 10
-10
10

Burcham and Freeman (1950)
Brown et al. (1951)

Bach and Livesey (1955)
Cronin (1956) *

Jenkin et al. (1964) #

Szabo et al. (1972)

Youn et al. (1991)

Knape et al. (1992)

Angulo et al. (1993)

Lamia et al. (2007) (THM)
Spitaler et al. (2014) (THM)

10

10"

10



MULTIPLE DATA SET y?

2 Z Z (f(i5) — n..f_y?-_?j)Z (1 —mny)/n;)?

e )2 -2
i j (”?-gl.-.j') 0oy

1l i j ) is the theoretical function (e.g.an R-matrix calculation)

YJi j isan experimental data point

o Burcham and Freeman (1950)

1 :
10 [~ I» éi + Brownetal. (1951)
Bach and Livesey (1955)
¥ ﬂ x  Cronin (1956) *

[l
(=)

e Jenkin et al. (1964) =
. Szabo et al. (1972)
&% Youn et al. (1991)

=
I
HH

oF N is the point-to-point uncertainty on a data point (usually statistics)

Cross Section (bams)

o Knape etal. (1992)

(=]

T is 2 normalization factor for each data set and its uncertainties

10- [ fi Angulo et al. (1993)
£ » Lamia et al. (2007) (THM)
S‘Q . . . + Spitaleri et al. (2014) (THM)
Oerp.i s the square of the common mode uncertainty in each data set 101
1 | 1 L1011 I| 1 1 1 | N | I|
10” 10" ’

10



COMMON SYSTEMATIC UNCERTAINTIES

* Especially for the common mode uncertainties, we don’t really know much
about them, so we take the assumption that if we average over many
measurements, we’ll approach the true value and get a smaller overall common

mode uncertainty

* We must be careful though, because some uncertainties are common even to

different measurements!

* We can’t “double count” uncertainties or it will artificially reduce our combined
uncertainty. This can be very tricky sometimes and can be easy to overlook.

17.6 cm

=
0 O 00O 000000000 OO A

o 1 2 3 4 5 & T 8 9 10 11 12 13 14 15 16 17 18 1% 20 I 22 213 24 25
e

0 1 2 3 4 5 6 T 8 ] 10

? In Ch ‘m SplashlLeorm

Example, we can measure the length of something many
times with a ruler, but we can never do better than the
common mode uncertainty, i.e. the smallest increment of the
ruler.




BAYESIAN UNCERTAINTY ESTIMATION

* There are several practical advantages

*  Communicate additional information to your goodness of fit tests that you wouldn’t be able to do using a strictly
frequentist approach

* Since it is a fundamental part of Bayesian analysis, definition of priors is straight-forward
* They can be given any probability distribution (probability density function, PDF) that the user likes

* Bayesian uncertainty estimation is usually implemented using Markov Chain Monte Carlo (MCMCQC), a
method of intelligently sampling the parameter space

* This method is also straight-forward, but it can be computationally taxing

* These methods are widely used and are implemented in freely available and rigorously tested computational routines
(Python, C++, R, etc.)

e oy o

TensorFlow




WHAT ARE THE INPUTS TO A BAYESIAN
UNCERTAINTY ANALYSIS?

Parameter Distribution
* Experimental data (also for frequentist) Ee(1-.0) N(8.04. 0.02)
* (log) Likelihood function (also for frequentist) Ca(17,0) U(0.0001, 0.1)
[,(17.,0) N (2000, 700)
* Priors C,(2%,0) U0, 10)
C,(27,0) U (—4000, 4000)
* Initial constraints on fit parameters En (2%, 1) N(8.22,0.01)
* Type of probability distribution and specific Fa(27, 1) N (200, 100)
constraints on it Fa (27, 1) N (1700, 100)
Ee(37.0) N(8.29, 0.006)
* Common PDF examples: Uniform, Normal I, (37,0) N (—5600, 700)
(Gussian), Lognormal, asymmetric Gaussian [,(37,0) N(—2900, 200)
NwWAG U(0.1,50)
HscH U(0.1,50)
. . NkoE N( 1, 0029)
Ml — ;Z [ flxij) — Taiy.id-]‘:" L1 ['H,E-L— 1)? ‘ NpAl U (0.1, 50)
22 (n; o7 )2 222752 — U(0.1, 50)
iJ ' ! TTgas U(3.8 x 107172 x 10+17)
TTwgr U3 x 10717,5 x 10717)

ESwer U(—0.2,0.4)




Bayesian uncertainty analysis using MCMC in AZURE?2

ORIGINAL RESEARCH article

Front. Phys. , 12 June 2022 This article is part of the Research Topic

Sec. Nuclear Physics Uncertainty Quantification in Nuclear Physics
0- 2022 / 2 1 q

Volume 1 | hitps://doi.org/10.3389/fphy.2022.888476 View all 16 articles >

B R I c K Performing Bayesian Analyses With AZURE2 Using BRICK: An

ot 7
The Bayesian R-matrix Inference Code Kit Application to the “Be System

(BRICK) mediates between the R-matrix code ot Y S |
L aniel ell™* arl R. Brune aniel R. Phillips Richard James deBoer Som Nath Paneru
AZUREZ2 and the MCMC sampling software

emcee, in order to facilitate uncertainty ises e
quantification in R-matrix calculations. '
D. Odell, R. J. deBoer, C. R. Brune, D. R. Phillips L /\ A | .
B H |£H tutDI’I ﬂl Cy (fm™'/2) T¥% (MeV) Y% (MeV) T/3* (keV)
- r;{};: ?ch) ! 3.500 (fm‘?./g) * " r:‘./’:z(i[eV) ! ) T3/ (Mi\/)
Bayesian Analysis of Nuclear Dynamics * by - A T

NSF, CSSI program 5

2 4.58 4.60 140 160 180
L25* (keV) EZ*" (MeV) T/ (keV) 73" (eV)



IMPROVING UNCERTAINTY ESTIMATION
FOR R-MATRIX FITS

BRICK

The Bayesian R-matrix Inference Code Kit
(BRICK) mediates between the R-matrix code
AZURE2 and the MCMC sampling software
emcee, in order to facilitate uncertainty

See de Souza et al. (2020) for an application to quantification in R-matrix calculations.

3 4
H(d,n)*He D. Odell, R. J. deBoer, C. R. Brune, D. R. Phillips
BRICK tutorial

Bayesian methods provide a way to improve and gain
more detailed information

Computationally intensive, but probably doable

Daniel Odell at Ohio University has developed the

ORIGINAL RESEARCH article

Bayesian R-matrix Inference Code Kit (BRICK) for use This atce s partof th Research Topic
Sec. Nuclear Physics Uncertainty Quantification in Nuclear Physics
Wlth th e AZ U RE 2 R_ matrlx cod e Volume 10 - 2022 | hitps://doi.crg/10.3389/fphy.2022 888476 View all 16 articles >

Performing Bayesian Analyses With AZUREZ2 Using BRICK: An
Application to the ’Be System

D A L I n Daniel Odell'* Carl R. Brune' Daniel R. Phillips* Richard James deBoer® Som Nath Paneru'®

Bayesian Analysis of Nuclear Dynamics

I 4§ V1 9N I




WORKING ON NATIVE MCMC IN AZURE?2

x AZUREZ -- untitled @canopus.crend.edu = a

File Configure Documentation

Particle Pairs Levels and Channels Segments Experimental Effects Fitting Settings Calculate MCMC Plot

Parameters | Sampling Settings | Results

Parameter Current Value Prior Mean Pricr Std se Gaussian Pric Category

github.com/rdeboer |/AZURE2

Currently in “dev” branch

Load Physical Parameters |  Load RWA Parameters

MCMC Control

Run MCMC Sampling Fresh Start Use Reduced Widths

Ready to run MCMC sampling

Current Iteration:

Current Log Probability: Log Likelihood: Log Prior:
Sampling Log

Jakub
Skowronski

i

A
R
%

e

N
e
U TEREE

ty, MOCOXXIT
Oﬁi'xm“qud‘n"




Make decisions about the quality

of prior data sets Get best fit to data
(This is where it can get
subjective) 1o-1 0(n, a)C
(@) 1072
10_1; &' + {\t ¢ _107*
g I % * )
_ ; b 1074 e :
2102 - —— R-matrix Fit i i
2107 10-5 ey Perform uncertainty analysis
- - Jr=27
L { 10—5 S =3 . :
10-3- —— ENDF/B-VIILO e +  Koehler and Graff 1991 — L —— This Work
; + gthlter atncll Glgagff31991 10-7 Wagemans et al. 2002 L —— Koehler and Graff 1991
i Ja;;n‘;nz ot al. 2002 10-4 10-2 100 102 g ]_07:-— Wagemans et al. 2002
X . . Wagemans et al. 2002
100 200 300 Ec m (keV) i S (scaled)
Ec.m. (keV) »
=
180
—— ENDF/B-VIII.O ELY (MeV) L
10-1- Koehler and Graff 1991 8.1 8.2 8.3 8.4 A 106
t  Wagemans et al. 2002 100 é [ eI
\'
—_ | -1
21072 ||H||H| 10 = |
b I {L| | 1| 10-2- ol N e el
f | I 102 1071 10° 10t
H f ’ ‘_“10-3_ T (109 K)
1073~ " Qo 17
(b) + 51074 - o
g “./ —— R-matrix Fit
1073 103 101 10! 10 Y hoi
Ec.m. (keV) 1076+ [ F ju;_:,—
{ + Koehler and Graff 1991
10~ 7r .4 schatzetal. 1993
8 i ¢ Wagemans et al. 2002
- 1 | 1 1
1077 100 200 300

Ec.m. (keV)



Parameter Distribution

E.(1-,0) N(8.04,0.02)

C,(1-,0) U(0.0001,0.1)

I, (1-,0) N(2000, 700)

C,(2+.0) U0, 1n

C,(27,0) U (—4000, 4000)

En(2%,1) N(8.22,0.01)

Ca2, 1) N(200, 100)

L2+, 1) N(—1700, 100)

Eu(37.0) N(8.29,0.006)

M(3-,0) N(=5600, 700)

e(37,0) N(—=2900, 200)

IWAG [7(0.1, 50)

HscH (0.1, 50)

noE Priors N(1,0.029)

Hpan U(Ol, 50)

Hwer U(Ol. 50)

TTpap U(3.8 x 10717, 2 x 10%17)

TTwg U3 x 107175 x 10+17)

ESwa U(—0.2,0.4)
Parameter Posterior median = C.1.
Ex(17,0) 803885 (+4.4 x 107%, —4.6 x 107%)
C,(1-,0) 4.92 % 1073 (+6.5 x 107%, =5.6 x 107%)
(1,0 2040 (4220, —220)
C,(2F,0) 0.47 (+0.17, =0.10)
C,(2+,0) — 1440 (+400, —450)
E:(2H, 1) 8218552 (494 x 107, —=9.5 x 1077)
.2+, 1) 219 (+17, —16)
2%, 1) —1925 (+75, =75)
Ee(37,0) 8.28021 (+2.0 x 1074, —2.1 x 107%)
[,(3-.0) —8400 (+330, =330
3.0 —3250 (+130, —130)
AwaG . 2.87(+0.13, -0.13)
nen POSteriors 1.29 (+0.21, —0.16)
Mgk 1.007 (429 x 1072, =2.8 x 1072)
fpal 1.234 (+7.1 x 1072, —6.4 x 10°%)
AwEr 0.9231 (+8.1 x 103, =7.7 x 10
TTaar 4.68 x 10717 (42,4 x 10+18, —2.5 x 10+!9)
TTwg 6.26 x 10717 (42.9 x 10115, 3.0 x 10%'%)
ESwe 243 x 1073 (£3.8 x 1074, —4.1 x 107%)

A A.OLIVA et al. PHYSICAL REVIEW C 110, 045812 (2024)

1.00

om
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Correlation matrix for fit parameters
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FIG. 7. Covariance matrix for the R-matrix fit parameters.



SYSTEMATIC
UNCERTAINTIES
DOMINATE

* In many case, the systematic and
model uncertainties dominate
over the statistical uncertainties

* This is not a good situation from an
uncertainty perspective because while
the statistical uncertainties are very
well defined, the systematic ones are
not

* “Never measure anything too well.”

e This is kind of a joke, but in a way it is
true. As you reduce other uncertainties
that previously dominated, you then
often must worry about new sources of
uncertainty that were previously
negligible

* But that is also scientific progress!
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DATA COVARIANCE MATRIX

* A more detailed and accurate
way of cataloging
uncertainties for nuclear data

* Harder to implement?

ﬁ-: National Nuclear Data Center

B S

NNDC Databases: NuDat | N
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GAMOW ENERGY

* The energy of interest is the convolution of ' ' A L B T
the Maxwell-Boltzmann velocity distribution i E -
of particles in the stellar environment and 0.6 g _E/kT -hli'l"
the penetrability of the reaction - L -

0.5 oL
! - ~
' " N |
_ 2 r72 2 1/3 "? E/xT I " "N
/ .
2 03 ' . AE P
2 2 5 1/6 E I.I'I‘-ﬂ i B R R EEENEENENEGRBE®RN I‘II,.*-
AE = 0.236(Z2Z2uT?) - S
12 9 02 .

* where Z, and Z, are the number of protons 0.1 _ L
in the interacting particles, u is the reduced | , I
mass and T, is the temperature in GK. - ,

* Formulation is a rough approximation!



EXAMPLE: '2C(a.,y)'®O EXTRAPOLATION

TO LOW ENERGY

In nuclear astrophysics, the
temperatures in a star correspond to
very low energies in the cross section

For charged particle induced reactions,
this means that the cross section is so
small that it is very challenging to
measure it

For this reason, we need to measure
the cross section at higher energy and
the extrapolate to the energies of
interest

This extrapolation requires nuclear
theory to constrain it

4

10

P, 300 keV or 0.2 GK
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10°F

[ER—
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* Yamaguchi et al. (2014)
« Schiirmann et al. (2005)

— R-matrix fit, deBoer et al. (2017)
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E (MeV) th
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PENETRABILITY

Penetrability distorts the cross section
near thresholds

Results in “strange looking” cross sections

* Ghost resonances

Resonances that require higher partial waves
to form are suppressed near thresholds

The effective level density decreases

Penetrability

10
10
10
10
10
10
10
10
10

10
10

10

E | | | I | | I |4_
;_/ _____________ —;
= - S _é
S E
e -
i— -~ - N _i
e e
- 7 N -
% .-
E -~ E
= P — S-wave| 1
=, e —— p-wave| 3
L 7 Mg+n Penetrability |-=- d-wave| J
=/ —-- f-wave |
e/ E
T O (R A NN S MR
0 50 100 150 200 250 300

Center of Mass Neutron Energy (keV)



do/d€ (b/sr)

GHOST RESONANCES
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NEUTRON PRODUCING REACTIONS CAN BE HIGHLY

CONSTRAINED THROUGH TOTAL NEUTRON CROSS SECTIONS
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MULTICHANNEL FITTING
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NUCLEAR DATA EVALUATION

Differential Cross Section (b/sr)
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R-MATRIX SCHOOL 2027

A series of three R-matrix schools organized by Marco Pigni (ORNL), Carl
Brune (OU) and myself (UND)

Will likely take place in July of 2027
Hosted by the University of Notre Dame, may take place elsewhere

First school took place at ORNL back in 2025 and a third school will take
place in 2029 at Ohio University

A hands-on school to teach researchers how to use the SAMMY and
AZURE?2 R-matrix codes

This work is supported by the Office of Science, Nuclear Physics within the U.S.
Department of Energy funding opportunity DE-FOA-0003238,
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