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OUTLINE

• Motivation: neutrino oscillation experiments and 
their challenges

• Neutrino-nucleus scattering in MeV-GeV region

• LIT-CC approach and first results

• Outlook
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NEUTRINO OSCILLATION

P(α → β) = sin2(2θ)sin2( Δm2L
4E )

experimental setup

να νβ

LE

 3

mixing angle (for 3 flavours we have 3 
angles + CP violating phase)



NEUTRINO OSCILLATION

να νβ

LE

IDEA: 
1. we know the initial neutrino flux 

(with some uncertainty)
2. we measure the rate of neutrino 

events in the far detector L
3. we have to reconstruct neutrino 

energy E and flux in the far detector
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Figure 3. Muon neutrino and muon anti-neutrino flux predictions from current and future
accelerator based neutrino experiments. Here, the top two plots are neutrino mode beam
muon neutrino flux predictions, where the bottom two plots are anti-neutrino mode beam
muon anti-neutrino flux predictions. Predictions are all arbitrary normalized. Left plots
are current experiments (T2K, MiniBooNE, MINERvA with low energy NuMI), and right
plots are current to future experiments (Hyper-Kamiokande, MicroBooNE, NOvA, DUNE,
MINERvA with medium energy NuMI).

• MINERvA, MINOS, and NOvA use NuMI neutrino beamline. The two important flux
configurations are low energy (LE) mode and medium energy (ME) mode. Also, detector
configurations can be on-axis or off-axis. Here, MINOS and MINERvA are both LE
and ME on-axis experiments, and NOvA is a ME off-axis experiment, and their flux
predictions are quite different. Note MINERvA does not provide neutrino flux below
1.5 GeV where flux systematic errors have not been evaluated yet.

• DUNE will use a dedicated beamline, which will have a wide-band beam to measure
neutrino oscillations not only the first maximum, but also the second oscillation
maximum [165].

• Hyper-Kamiokande uses higher power J-PARC off-axis neutrino beam [14], and here we
simply assumed the same shape with current T2K J-PARC off-axis neutrino beam.

The on-axis beam experiments, such as MiniBooNE, MINERvA, and DUNE have a
wider beam spectrum, and off-axis beam experiments, such as T2K and NOvA have narrower
spectrums. Although spectra are narrower for off-axis beams, they have long tails going to
higher energy. This is a standard feature for off-axis beams. Therefore understanding of
neutrino interactions are important in all 1-10 GeV spectrum for both on-axis and off-axis
beam experiments.

Figure 4 shows more detailed neutrino flux predictions. Here, we use T2K neutrino

From: T. Katori, M. Martini, J.Phys. G45 (2018)



NEUTRINO OSCILLATION

να νβ

LE
CHALLENGES: 
1. In each event   is not seen
2. We observe outgoing lepton
3. Depending on the detector we see some 

hadrons
4. Low probability of interaction

ν
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Figure 3. Muon neutrino and muon anti-neutrino flux predictions from current and future
accelerator based neutrino experiments. Here, the top two plots are neutrino mode beam
muon neutrino flux predictions, where the bottom two plots are anti-neutrino mode beam
muon anti-neutrino flux predictions. Predictions are all arbitrary normalized. Left plots
are current experiments (T2K, MiniBooNE, MINERvA with low energy NuMI), and right
plots are current to future experiments (Hyper-Kamiokande, MicroBooNE, NOvA, DUNE,
MINERvA with medium energy NuMI).

• MINERvA, MINOS, and NOvA use NuMI neutrino beamline. The two important flux
configurations are low energy (LE) mode and medium energy (ME) mode. Also, detector
configurations can be on-axis or off-axis. Here, MINOS and MINERvA are both LE
and ME on-axis experiments, and NOvA is a ME off-axis experiment, and their flux
predictions are quite different. Note MINERvA does not provide neutrino flux below
1.5 GeV where flux systematic errors have not been evaluated yet.

• DUNE will use a dedicated beamline, which will have a wide-band beam to measure
neutrino oscillations not only the first maximum, but also the second oscillation
maximum [165].

• Hyper-Kamiokande uses higher power J-PARC off-axis neutrino beam [14], and here we
simply assumed the same shape with current T2K J-PARC off-axis neutrino beam.

The on-axis beam experiments, such as MiniBooNE, MINERvA, and DUNE have a
wider beam spectrum, and off-axis beam experiments, such as T2K and NOvA have narrower
spectrums. Although spectra are narrower for off-axis beams, they have long tails going to
higher energy. This is a standard feature for off-axis beams. Therefore understanding of
neutrino interactions are important in all 1-10 GeV spectrum for both on-axis and off-axis
beam experiments.

Figure 4 shows more detailed neutrino flux predictions. Here, we use T2K neutrino

From: T. Katori, M. Martini, J.Phys. G45 (2018)

We need theoretical predictions on how 
neutrino interacts with nuclei



CHALLENGES: 
CP VIOLATING PHASE

DUNE T2HK
We want to reconstruct the shape of the oscillation probability curve 

(which depends on the CP phase)
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CHALLENGES

Systematic errors should be 
small since statistics will be high.
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CHALLENGES

Height of the 
oscillation peak 
(event rate)   

total cross section
∝

Systematic errors should be 
small since statistics will be high.
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CHALLENGES

Height of the 
oscillation peak 
(event rate)   

total cross section
∝

Position of the oscillation 
peak depends on energy 

reconstruction

Systematic errors should be 
small since statistics will be high.
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LEPTON-NUCLEUS SCATTERING

 8

MULTINUCLEON  
KNOCKOUT 

For every experiment all the physical 
mechanisms should be included

From: P. Lipari et. atl., PRL 74 (1995)

W+
νl

l−

(ω, ⃗q )



NUCLEAR CROSS-SECTIONS

✓ Theoretical models enter analysis through Monte 
Carlo generators

✓ Simpler models should be benchmarked with more 
reliable methods at the level of inclusive cross-section

✓ Important targets: 12C, 16O (near&far detector T2HK), 
40Ar (DUNE)
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AB INITIO RESULTS FOR 12C
• First GFMC 

comparison with 
experimental 
neutrino data

• Important 
contribution of 2-
body currents

• GFMC suitable for 
light nuclei  A ≤ 12
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FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties
are from Ref. [46]. The additional 10.7% normalization uncertainty is not shown here. Calculated cross sections are obtained
with ⇤A =1.0 GeV.

E ⇡ 20 MeV). The remaining terms in the �-function
are the final energies of the struck nucleon and recoiling
(A–1) system of mass mA�1. From these R

PWIA
↵�

we ob-
tain the corresponding flux-folded cross sections shown
in Figs. 4 and 5 by the short-dashed (black) line labeled
PWIA. Also shown in this figure by the dot-dashed (pur-
ple) line (labeled PWIA-R) are PWIA cross sections ob-
tained by first fixing the nucleon electroweak form factor
entering x↵�(p,q,!) at Q2

qe, and then rescaling the vari-
ous response functions by ratios of these form factors, as
indicated in Sec. II B.

A couple of comments are in order. First, the cross
sections in PWIA are to be compared to those obtained
with the GFMC method by including only one-body cur-
rents (curves labeled GFMC 1b): they are found to be
systematically larger than the GFMC predictions, par-
ticularly at forward angles. Furthermore, it appears that
the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-

crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

A. Lovato et al.
Phys.Rev.X 10 (2020) 3, 031068
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NUCLEAR RESPONSE

 11

nuclear 
responses

 Jμ = (ρ, ⃗j)|Ψ⟩

σ ∝ Lμν Rμν
lepton 
tensor

γ, W± , Z0

 
 Rμν(ω, q) = ∑

f
⟨Ψ |J†

μ(q) |Ψf⟩⟨Ψf |Jν(q) |Ψ⟩δ(E0 + ω − Ef )



ELECTRONS FOR NEUTRINOS

✓ much more precise data

✓ we can get access to   and   separately (Rosenbluth separation)

✓ experimental programs of electron scattering in JLab, MESA

RL RT

We will start with longitudinal response

dσ
dωdq ν/ν̄

= σ0(υCCRCC + υCLRCL + υLLRLL + υTRT ± υT′�RT′�)
dσ

dωdq e
= σM(υLRL + υTRT)
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AB INITIO NUCLEAR THEORY 
FOR NEUTRINOS

 Jμ = (ρ, ⃗j)

 ℋ |Ψ⟩ = E |Ψ⟩

✓ Nuclear Hamiltonian

✓ Electroweak currents

✓ Many-body method
, = ⟨Ψm |Jμ |Ψn⟩

 13



NUCLEAR HAMILTONIAN

• Chiral Hamiltonians 
exploiting chiral symmetry 
(QCD);   degrees 
of freedom

• counting scheme in  

• low energy constants 
(LEC) fit to data

• uncertainty assessment

π, N, (Δ)

( Q
Λ )

n

ℋ = ∑
i

p2
i

2m
+ ∑

i< j
vij + ∑

i< j< k
Vijk + . . .

n= 0

n= 2

n= 3

n= 4
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ELECTROWEAK CURRENTS

J = ∑
i

ji + ∑
i< j

jij + . . .

7

the comparison with Refs. [18] and [7] and helps one to
assess of the size of the contributions of the various terms
in the current operator.

In Table I, we show the CC- and NC-induced inclusive
⌫̄/⌫-d cross sections obtained using the EM500 interac-
tion and current operators of various �EFT orders. The
EM500 interactions contain all e↵ects that are suppressed
by factors of up to (Q/⇤b)4 compared to the leading order
�EFT Hamiltonian. With wave functions obtained by
solving the partial wave Lippmann-Schwinger equations
for this interaction, we vary the order of the weak current
operator at (Q/⇤b)�3,�2,�1,0 to study the order-by-order
convergence of the current in the ⌫̄/⌫-d cross sections.
With increasing energy, the 1B Fermi and Gamow-Teller
operators, which contribute at the leading (Q/⇤b)�3 or-
der, underpredict (overpredict) the ⌫-d (⌫̄-d) cross sec-
tions compared to values obtained with operators up to
(Q/⇤b)0 order. The contributions of the 1B convection
and spin-magnetization currents, which enter at order
(Q/⇤b)�2, amount to about 30% in the ✏ ⇡ 100 MeV re-
gion. The pion-exchange 2B contributions to the vector
current and axial charge operators, which formally enter
at order (Q/⇤b)�1, are smaller than the axial 2B cur-
rent contributions at (Q/⇤b)0. While this is contrary to
expectations from �EFT power counting, a similar con-
vergence pattern was also found by Ref. [18]. Overall,
the inclusion of 2B currents increases the cross section
in all of the four reaction channels by about 3-4% at
✏ ⇡ 100 MeV, which is consistent with the results of
Ref. [18].

Agreement is seen between our 1B results and those of
Ref. [7]. The slight di↵erence of about 1% or less is due to
the AV18 [51] wave functions used by Ref. [7], since the
�EFT 1B operators used in this work are the same as the
phenomenological operators employed in that study. We
agree also within approximately 1% with Ref. [18], which
uses the same interactions for the wave functions but also
includes the (Q/⇤b)1 current operators not considered in
this work.

B. Uncertainty estimates

We now estimate, for the first time on this observable,
the uncertainty from the potential by using the NNLOsim

family of 42 interactions calculated up to the third chiral
order [19, 20]. These have been fitted at seven di↵erent
values of the regulator cuto↵ ⇤ in the 450-600 MeV in-
terval to six di↵erent Tlab ranges in the NN scattering
database. The LECs in this family of interactions were
fitted simultaneously to ⇡N and selected NN scattering
data, the energies and charge radii of 2,3H and 3He, the
quadrupole moment of 2H, as well as the �-decay width of
3H. All of these interactions have the correct long-range
properties, and the di↵erences between them provide a
conservative estimate of the uncertainty due to the short-
distance model ambiguity of �EFT.

In Fig. 1 we show, along with the EM500 curves, the

FIG. 1. (Color online) The NC and CC ⌫̄/⌫-d inclusive cross
sections with the EM500 (black, dashed) and NNLOsim (light
band) interactions.

cross sections calculated using the NNLOsim interactions
as bands. The widths of the bands are estimates of the
uncertainties due to the sensitivity to the �EFT cut-
o↵ and variations in the pool of fit data used to con-
strain the LECs, including ĉ1,3,4 and d̂R in the currents.
These widths grow with ✏ and amount to about 3% at
✏ ⇡ 100 MeV for all of the four processes. They are thus
similar in size to the e↵ect of 2B currents. The interac-
tions and currents in the NNLOsim results are of the same
chiral order, i.e., both of them include all corrections that
are suppressed by factors of up to (Q/⇤b)3 compared to
the leading order. Based on the observed convergence
of the cross sections in Table I, and on the results of
Ref. [18] for higher-order current contributions, we antic-
ipate the size of neglected terms in the chiral expansion of
the weak current operator to be 1% at ✏ ⇡ 100 MeV. This
is smaller than the NNLOsim uncertainties, which are—
in principle as well as in practice— similar in size to the
(Q/⇤b)0 current contributions which we have included
in our calculations. We therefore assign a conservative
estimate of 3% to the nuclear structure uncertainties in
the cross section at 100 MeV ⌫̄/⌫ energy. We now turn
to the question of the sensitivity of these results to the
single-nucleon axial form factor. Ref. [52] analyzed the
world data for ⌫d scattering by employing the calcula-
tions of Refs. [7, 53] to obtain hr2Ai = 0.46 ± 0.22 fm2.

B. Acharya,  S. Bacca
Phys.Rev.C 101 (2020) 1, 015505

ν(ν̄) + d → μ± + X

known to give significant 
contribution for neutrino-

nucleus scattering

Multipole decomposition for 
1- and 2-body EW currents

NN

NNγ, W ± , Z0

N

Nγ, W ± , Z0

 15

Current decomposition into multipoles needed for 
various ab initio methods: CC, No Core Shell Model, In-

Medium Similarity Renormalization Group



COUPLED CLUSTER METHOD
Reference state (Hartree-Fock):      |Ψ⟩

 e−TℋeT |Ψ⟩ ≡ ℋ̄ |Ψ⟩ = E |Ψ⟩

Expansion:  T = ∑ ti
aa†

aai + ∑ tij
aba

†
aa†

b aiaj + . . .

Include correlations through   operator eT

similarity transformed 
Hamiltonian (non-Hermitian)

singles doubles

 coefficients obtained 
through coupled cluster 

equations

←

 16



COUPLED CLUSTER METHOD

✓ Controlled approximation 
through truncation in  

✓ Polynomial scaling with   
(predictions for 100Sn)

✓ Size extensive 

✓ Works most efficiently for 
doubly magic nuclei

T

A

3

expressed in terms of nucleons and pions and are con-
sistent with the symmetries and broken chiral symme-
try of QCD. They are expanded in powers of (Q/⇤�)⌫ ,
where Q is the low-momentum scale characterizing nu-
clear physics, and ⇤� ⇠ 1 GeV is the QCD scale. The
coe�cients of the Hamiltonian expansion are low-energy
constants (LECs); they encapsulate the unresolved short-
range physics and are typically calibrated by adjusting
theoretical results to experimental data. The accuracy of
a calculation is controlled by the order ⌫ of the employed
dynamical ingredients and by the accuracy to which one
can solve the many-body problem. In this work we im-
plement Hamiltonians derived at next-to-next-to-leading
order or higher (⌫ = 3 or 4). To probe the systematic un-
certainties, we employ various chiral potentials. In par-
ticular, we use the NNLOsat interaction [37], for which
the LECs entering the two-body and three-body forces
are adjusted to nucleon-nucleon phase shifts and to en-
ergies and charge radii of light nuclei. We also use the
�NNLOGO(450) potential [38], a delta-full �-EFT inter-
action at next-to-next-to-leading order [39], which was
adjusted to light nuclei, and the saturation point and
symmetry energy of nuclear matter. Finally, we employ
selected soft potentials obtained by performing a simi-
larity renormalization group transformation [40] of the
two-body chiral potential by Entem and Machleidt [41],
with leading-order three-nucleon forces from �-EFT ad-
justed to the binding energy of 3H and the charge radius
of 4He [42, 43]. For these interactions we follow the no-
tation of Ref. [43], namely 1.8/2.0, 2.0/2.0, 2.2/2.0 (EM)
and 2.0/2.0 (PWA), where the first (second) number in-
dicates the cuto↵ of the two-body (three-body) force in
fm�1, and EM indicates that the pion-nucleon LECs en-
tering the three-nucleon force are taken from the En-
tem and Machleidt potential [41], while in PWA they are
taken from partial wave analysis data. For electroweak
operators we take the one-body terms, as two-body cur-
rents are expected to be negligible [44, 45], especially so
at the low momenta of CE⌫NS.

Results. – Figure 1 shows our results for the 40Ar
charge form factor Fch as a function of q, and com-
pares them to electron-scattering data from Ottermann
et al. [33]. This comparison validates the theory. Panel
(a) shows results from the NNLOsat interaction for dif-
ferent correlation levels of the coupled-cluster expansion.
We see that increasing the correlations from D to T-1
changes the form factor only slightly, and the results are
su�ciently well converged. This is consistent with re-
sults from previous studies [30, 48], where triples corre-
lations only a↵ected the radii below 1%. Panel (b) shows
calculations of the charge form factor at the T-1 level
for di↵erent interactions. As representative examples
we chose the 2.0/2.0 (EM), 2.0/2.0 (PWA), and 2.2/2.0
(EM) potentials. The form factors exhibit a dependence
on the choice of the Hamiltonian, particularly at larger
momentum transfers. The interaction �NNLOGO(450),
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FIG. 2. Panel (a): 40Ar weak form factor computed with dif-
ferent Hamiltonians. The EM-family interactions are shown
as a band. Panel (b): CE⌫NS as a function of the neutrino en-
ergy, computed with same three di↵erent Hamiltonians. The
inset shows the form factor zoomed into the low-q region rel-
evant to coherent scattering, in linear scale.

derived in a delta-full chiral framework, provides a qual-
itatively similar description of the experimental data as
the NNLOsat, noting that the former interaction repro-
duces the first minimum of |Fch| more precisely. We re-
mind the reader that – within the Helm model [49] –
the first zero of the form factor is proportional to the in-
verse radius of the charge distribution. Among the family
of EM potentials, the 2.2/2.0 (EM) interactions predicts
the first zero at higher q, consistent with a smaller charge
radius. Overall, one should trust the Hamiltonians only
for momentum transfers up to about q = 2.0 fm�1, which
marks the scale of the employed ultraviolet cuto↵s.

Figure 2(a) shows the 40Ar weak form factor FW of
Eq. (2) as a function of the momentum transfer q, cal-
culated in the T-1 scheme. Here, we show the soft inter-
actions with a band that encompasses the three di↵erent
potentials, labeled with (EM)-(PWA). The weak form
factor exhibits a mild dependence on the choice of the
Hamiltonian. The band spanned by the from factors of
the EM interactions exhibits a first dip at a larger q value
than the potentials NNLOsat and the �NNLOGO(450),

coherent elastic neutrino 
scattering on 40Ar

C. Payne at al.
Phys.Rev.C 100 (2019) 6, 061304 17



LORENTZ INTEGRAL TRANSFORM

 
 Sμν(ω, q) = ∫ dσK(ω, σ)Rμν(ω, q) = ∫ dσ⟨Ψ |J†

μ K(ℋ − E0, σ) Jν |Ψ⟩

  has to be inverted to get access to  Sμν Rμν

Instead we calculate
continuum spectrum

Lorentzian kernel: 
  KΛ(ω, σ) = 1

π
Λ

Λ2 + (ω − σ)2

∫
 

 Rμν(ω, q) = ∑
f

⟨Ψ |J†
μ |Ψf⟩⟨Ψf |Jν |Ψ⟩δ(E0 + ω − Ef )
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➡ LIT-CC used for photo-absorption
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charge operator  ̂ρ(q) =
Z

∑
j= 1

eiqz′�j

tering the response functions are apparently dependent upon
two independent variables q and v . However, a number of
authors have explored the possibility that there is an under-
lying relationship between these variables in quasielastic
scattering, and a number of scaling variables have been pro-
posed. For example, a subset of the present data was used as
a test of the y-scaling function @81#.
A scaling variable c was defined by Alberico et al. @75#

in such a manner that if the relativistic Fermi gas were an
exact description of nuclear structure, then all quasielastic
response functions would scale exactly according to this
variable. In this section the formalism will be that of Ref.
@75#, and therefore the definitions of the mathematical sym-
bols will not be repeated here.
It is shown in Ref. @75# that in the framework of the

relativistic Fermi gas model one can define a scaling variable
c that maps the separated response functions into parabolas
as

c5@2u~l2l0!21#A 1
jF

~g221 !.

This then leads to a scaling function S(c) of the form

S~c!5
3
4 ~12c2!u~12c2!, ~14!

where u(x2a) is the unit step function at a . The scaling
function defined in this manner is normalized such that

E
21

11
S~c!dc51.

The scaling function is related to the longitudinal and trans-
verse response functions by

RL5(
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MNikhF
3 @GEi
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RT5(
i

NijF

MNikhF
3 FtGMi

2 ~t!1
1
2W2i~t!D GS~c!, ~16!

where GEi(t) and GMi(t) are the Sachs electric and mag-
netic form factors, respectively, for the ith nuclear species.
An extension of the relativistic Fermi gas model was

made by Cenni et al. @82# to include effects of nuclear bind-

FIG. 16. Longitudinal response functions extracted from the present data for 40Ca over the three-momentum transfer range 300–500
MeV/c . The error bars indicate the propagated systematic errors. The solid curves were calculated from the relativistic Fermi gas model @75#,
and the dashed curves were calculated from the relativistic Hartree shell model @76#

3168 56C. F. WILLIAMSON et al.

  

                                       

RL(ω, q) = ∑
f

⟨Ψ | ̂ρ†(q) |Ψf⟩

⟨Ψf | ̂ρ(q) |Ψ⟩δ(E0 + ω − Ef )

40Ca ➡ operator multipole 
decomposition (and sum)

➡ higher energy-momentum 
transfer than considered 
earlier

➡ translationally non-invariant 
operator
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FIG. 17. Same as for Fig. 16 but showing the transverse response functions.

FIG. 18. Ratio of experimental integrated longitudinal response
functions to the total longitudinal strength calculated from the rela-
tivistic Fermi gas model for 40Ca. The solid squares are the present
data and the solid triangles are the results of Meziani et al. @49#.
The present results are given in tabular form in Table II.

FIG. 19. The Coulomb sum rule for 40Ca. The solid circles are
calculated from the data of the present experiment. The solid line is
the sum rule calculated from relativistic Fermi gas calculations. The
dashed curve is the theoretical sum rule for the independent particle
model with relativistic corrections.
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RL(ω, q) = ∑
f

⟨Ψ | ̂ρ†(q) |Ψf⟩

⟨Ψf | ̂ρ(q) |Ψ⟩δ(E0 + ω − Ef )
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COULOMB SUM RULE
m0(q) = ∫ dωRL(ω, q) = ∑

f ≠ 0
|⟨Ψf | ̂ρ |Ψ⟩ |2 = ⟨Ψ | ̂ρ† ̂ρ |Ψ⟩ − |Fel(q) |2

easier to calculate since 
we do not need  |Ψf⟩

 20
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  has 3A coordinates   3(A-1) coordinates +  |Ψ⟩ → ⃗R = 1
A

A

∑
i

⃗ri

With translationally non-invariant operators we may excite 
spurious states

center of mass problem

m0(q) = ∫ dωRL(ω, q) = ∑
f ≠ 0

|⟨Ψf | ̂ρ |Ψ⟩ |2 = ⟨Ψ | ̂ρ† ̂ρ |Ψ⟩ − |Fel(q) |2

easier to calculate since 
we do not need  |Ψf⟩

intrinsic

 20



COULOMB SUM RULE

Project out spurious states:       ̂ρ |Ψ⟩ = |Ψph ys⟩ + |Ψspu r⟩

 |Ψ⟩ = |ΨI⟩ |ΨCoM⟩ center of mass wave 
function is a Gaussian

It has been shown that to good approximation the ground state factorizes:

 ̂ρ |Ψ⟩ = |Ψexc
I ⟩ |ΨCoM⟩ + |ΨI⟩ |Ψexc

CoM⟩

We follow a similar ansatz for the excited states:

 21
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CoM spurious states dominate for light nuclei

 22

∼ 30 %

J.E.S. B. Acharya, S.Bacca, G. Hagen
Phys.Rev.C 102 (2020) 064312
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Multipole sum

  ̂ρ =
∞

∑
J= 0

[ ̂ρ]J

 23
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FIG. 2. Comparison of method A and B: for 4He (panel (a))
and 16O (panel (b)) using the N3LO-EM interaction. For
method B we show the case with and without (w/o) spurious
CoM states.

all states with excitation energy below 15 MeV, as they
have to be spurious given that 4He has no excited state
below the proton emission threshold. The omitted states
were a 1� state approximately at energy 5 ⇥ 10�2 MeV
above the ground state and a 2+ state at energy 10 MeV
above the ground state. For 16O, we remove a 1� state
at 0.15 MeV, which also must be spurious as this nucleus
does not have any excited states at such low energy.

In Fig. 2 we show a comparison between method A
and method B for 4He and 16O using the N3LO-EM in-
teraction. For method B we show the curve obtained in
case we do not remove the spurious states in the Lanc-
zos procedure as well as the one where we remove such
states. Calculations are performed for a model space of
15 oscillator shells and a harmonic oscillator frequency
of }! = 20 MeV for all the three curves. In case of 16O
we show a band obtained by the di↵erence between the
model spaces with 15 and 13 major shells. This gives us
an idea of the uncertainty in a model space size that will
be achievable in other calculations where we will add 3N
interactions.

First of all, we see that the removal of the spuriosi-

ties has a much larger e↵ect in 4He than in 16O as ex-
pected, since the heavier the nucleus, the smaller the
CoM contamination must be. Second, we see that the re-
sults of method B w/o spurious states agree quite nicely
with those of method A for both nuclei. The removal of

FIG. 3. Cumulative sums of the multipole expansion for the
Coulomb sum rule of 4He (panel (a)) and 16O (panel (b))
using the N3LO-EM interaction in method B w/o spurious
states.

spuriosities brings the agreement at q = 100 MeV from
50%(38%) to 0.5%(3.5%) for 4He(16O), while at q = 200
MeV, it brings the agreement from 35%(20%) to 3%(8%).
We consider this comparison satisfactory and from now
on we will use method B only w/o the spurious states to
perform further analysis.
Convergence of multipole expansion— A natural ques-

tion in method B is how many multipoles are needed in
the expansion of Eq. (3). We show this for the N3LO-
EM NN interaction in Fig. 3. These calculations are
performed for the same model space as above. Clearly,
the convergence in terms of multipoles strongly depends
on the momentum transfer, as expected. Furthermore,
we see that the convergence is faster for the smaller 4He
nucleus than for the larger 16O nucleus. For q below 200
MeV only four multipoles are needed, while for q = 500
MeV nine and eleven multipoles are needed to reach sat-
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J.E.S. et al.
to be published

 25



LONGITUDINAL RESPONSE
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Uncertainty band: inversion procedure

J.E.S. et al.
to be published



LONGITUDINAL RESPONSE
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• Results for 2 different chiral potentials
• Comparison with Plane wave impulse approximation (PWIA)

40Ca

J.E.S. et al.
to be published



OUTLOOK

Transverse response (where the 2-
body currents are relevant)

comparison with electron 
scattering cross-sections 

on 4He, 16O, 40Ca

dσ
dωdq e

= σM(υLRL + υTRT)

A. Lovato et al.
Phys.Rev.Lett. 117 (2016) 8, 082501
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4

by charge-changing and neutral current processes. In
particular, the energy dependence of the cross section
is quite important in extracting neutrino oscillation pa-
rameters. An earlier study of the sum rules associated
with the weak transverse and vector-axial interference re-
sponse functions in 12C found [38] a large enhancement
due to two-body currents in both the vector and axial
components of the neutral current. Only neutral weak
processes have been considered so far, but one would
expect these conclusions to remain valid in the case of
charge-changing ones. In this connection, it is important
to realize that neutrino and anti-neutrino cross sections
di↵er only in the sign of this vector-axial interference re-
sponse, and that this di↵erence is crucial for inferring
the charge-conjugation and parity violating phase, one
of the fundamental parameters of neutrino physics, to
be measured at the Deep Underground Neutrino Exper-
iment (DUNE)[39].
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FIG. 2. (Color online) Same as Fig. 1 but for the electromag-
netic transverse response functions. Because pion production
mechanisms are not included, the present theory underesti-
mates the (transverse) strength in the � peak region, see in
particular the q=570 MeV/c case.

We conclude by updating in Fig. 3 the results for the

Coulomb sum rule of 12C obtained in Ref. [5]. The theo-
retical calculation (solid line) and analyses of the experi-
mental data (empty and full circles) are from that work.
We recall that the empty circles are obtained by inte-
grating RL(q,!) up to !max, the highest measured en-
ergy transfer, while the full circles also include the “tail”
contribution for ! > !max and into the time-like region
(! > q), which cannot be accessed in (e, e0) scattering
experiments, by assuming that the longitudinal response
in 12C is proportional to that of the deuteron [5]. As
the direct calculations demonstrate in Figs. 1–2, there
is non-vanishing strength in the time like-region (see in
particular the top panels of these figures which extend
to ! > q), and this strength needs to be accounted for
before comparing theory to experiment.
The square data points in Fig. 3 have been obtained

by adding to the full circles the contribution due to the
low-lying J⇡ =2+, 0+2 , and 4+ states. Given the choice of
normalization for SL(q) in Fig. 3, this contribution is sim-
ply given by the sum of the squares—each multiplied by
Z =6—of the (longitudinal) transition form factors listed
in Table I. Among these, the dominant is the form factor
to the 2+ state at 4.44 MeV excitation energy. The con-
tributions associated with these states, in particular the
2+, were overlooked in the analysis of Ref. [5] and, to the
best of our knowledge, in all preceding analyses—the dif-
ference between total inelastic and quasi-elastic strength
alluded to earlier was not fully appreciated. While they
are negligible at large q (certainly at q=570 MeV/c),
they are significant at low q. They help to bring theory
into excellent agreement with experiment.
Figures 1 and 2 clearly demonstrate that the picture

of interacting nucleons and currents quantitatively de-
scribes the electromagnetic response of 12C in the quasi-
elastic regime. The key features necessary for this suc-
cessful description are a complete and consistent treat-
ment of initial-state correlations and final-state interac-
tions and a realistic treatment of two-nucleon currents,
all fully and exactly accounted for in the GFMC calcula-
tions. In the transverse channel the interference between
one- and two-body current (schematically, 1b-2b) con-
tributions is largely responsible for enhancement in the
quasi-elastic peak, while this interference plays a minor
role at large !, where 2b-2b contributions become dom-
inant. The absence of explicit pion production mech-
anisms in this channel restricts the applicability of the
present theory to the quasi-elastic region of RT (q,!), for
!’s below the �-resonance peak. Finally, the so-called
quenching of the longitudinal response near the quasi-
elastic peak emerges in this study as a result of initial-
state correlations and final-state interactions.

A critical reading of the manuscript by Ingo Sick is
gratefully acknowledged. This research is supported
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WHAT ELSE CAN BE DONE 
WITH AB INITIO THEORY?

How to account for 
the nuclear effects at 

higher energies?

Spectral function
Probability distribution of finding a 
nucleon of a given momentum and 
energy in the nucleus.

 29

Impulse Approximation  
is valid when   is high 
enough (resolution+final 
state interaction negligible). 

q



CONCLUSIONS

• Nuclear physics is challenged by neutrino oscillation experiments

• Setting stage for neutrino-nucleus cross-section calculation:

• 2-body currents decomposition into multipoles

• removal of spurious states 

• application of LIT-CC method for momentum transfer   
MeV

• With LIT-CC we obtained first ab initio results for longitudinal 
response for medium-size nuclei (16O and 40Ar can be addressed)

q ≤ 500
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